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Equilibrium properties of dilute binary fluid mixtures are studied in two-phase states on the basis of
a Helmholtz free energy including the gradient free energy. The solute partitioning between gas and
liquid (Henry’s law) and the surface tension change Ay are discussed. A derivation of the Gibbs law
Avy=-TT is given with I" being the surface adsorption. Calculated quantities include the derivatives
dT,./dX and dp./dX of the critical temperature and pressure with respect to the solute molar fraction
X and the temperature-derivative (dy/dT)., of the surface tension at fixed pressure p on the
coexistence surface. Here (dy/dT).,, can be both positive and negative, depending on the solute
molecular size and the solute-solvent interaction, and diverges on the azeptropic line. Explicit
expressions are given for all these quantities in the van der Waals model. © 2009 American Institute

of Physics. [DOI: 10.1063/1.3089709]

I. INTRODUCTION

Many problems in physics and engineering involve di-
lute solutions. In one-phase states, the critical behavior of
dilute fluid mixtures have been studied extensively,l_3 where
crossover occurs from pure fluid behavior to binary-mixture
behavior on approaching the critical line. In two-phase
states, it has been of great interest how a solute is partitioned
between gas and liquid and how it is adsorbed in or repelled
from the interface region.“f7

In the dilute limit, the solute-solute interaction may be
neglected for nonelectrolytes. Nevertheless, the two-phase
behavior is still highly nontrivial, depending sensitively on
the detail of the solute-solvent interaction. In particular, the
surface tension change A<y due to a solute is related to the
excess solute adsorption.8 To understand such effects, we
will present a simple Ginzburg—Landau theory of dilute mix-
tures including the gradient free energy.3 As is well known,’
van der Waals originally constructed such a theory for pure
fluids to describe a gas-liquid interface and to calculate the
surface tension 7. For binary mixtures it is moreover pos-
sible to calculate the solute density profile around an inter-
face, which should satisfy the Gibbs adsorption law. In this
approach solute partitioning between the two phases may be
examined systematically.

In fluid hydrodynamics involving a gas-liquid interface,
it is crucial how the surface tension varies on the surface as
a function of ambient temperature, concentration, and pres-
sure, since its variation induces a Marangoni flow.'>!! How-
ever, the present author is not aware of any fundamental
theory on the surface variation of vy in fluid mixtures in non-
equilibrium. Hence we will also calculate the surface tension
derivative (dy/dT)., with respect to the temperature 7' at
fixed pressure p in two-phase coexistence.

In Sec. II, we will present a Ginzburg—Landau model to

“Electronic mail: onuki @scphys.kyoto-u.ac.jp.

0021-9606/2009/130(12)/124703/11/$25.00

130, 124703-1

calculate how the coexistence surface and the critical line are
formed with addition of the second component. Mean-field
critical behavior of dilute mixtures will be discussed, where
the so-called Krichevskii p'clrameter4_7’l3_15 will be of crucial
relevance. On the basis of the Gibbs adsorption law to be
derived in Appendix A, general expressions for the surface
tension variations on the coexistence surface will be given.
In Sec. III, use will be made of the van der Waals free energy
of dilute mixtures®'® supplemented with the gradient free
energy. It will give explicit expressions for all the physical
quantities discussed in Sec. II, in terms of two dimensionless
parameters characterizing the solute-solvent interaction. In
Appendix B, correlation-function expressions for thermody-
namic derivatives including that of the Krichevskii parameter
will be given.‘%’17

Il. THEORETICAL BACKGROUND
A. Ginzburg-Landau theory

This paper treats dilute nonelectrolyte binary mixtures
with short-range interactions undergoing the gas-liquid tran-
sition. The number densities of the two components are writ-
ten as n; and n, with n,<<n;, which are coarse-grained vari-
ables changing smoothly in space. A Ginzburg-Landau free
theory is used to describe two-phase coexistence. A number
of authors calculated the surface tension of mixtures by com-
bining an equation of state and the gradient theory.lg*20

Hereafter the Boltzmann constant will be set equal to
unity. The free energy functional F=F{n,,n,} depends on n;
and n, as

T

ij=12

(2.1)

The first term f=f(n;,n,,T) in the brackets is the Helmholtz
free energy density dependent on the densities and the tem-
perature 7. The gradient terms are needed to account for a
free energy increase due to density inhomogeneity. The co-
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efficients Dy, D|,=D,, and D,, are assumed to be constants
independent of the densities. In the dilute case n,<<n;, the
following form is assumed:

f=foln, T) + Tnz[ln(nzki) - 1+emn,1].

Here the van der Waals attractive interactions among the
molecules of the species Z(Kng) are neglected. The fy(n,,T)
is the Helmholtz free energy density of the one-component
(pure) fluid of the species 1 and N\,=A(27/m,T)"? (% being
the Planck constant) is the de Broglie length of the species 2.
The term Tn,¢ arises from the solute-solvent interaction,
where ¢=¢(n;,T) is independent of n, (see Sec. II B for its
van der Waals expression).

For the free energy density f in Eq. (2.2) the chemical
potentials of the two components (without the gradient con-
tributions) are expressed as

(2.2)

J
I o 1) + T’ (n,.T), (23)

My = on,

U= Ay In(n,\3) + Te(n,, T), (2.4)
07712

where wpo=dfy/dn; is the chemical potential of the pure

fluid and ¢'=d¢/dn; in w;. Note that u, tends to —oo

logarithmically in the low density limit n, — 0. The pressure

p=nip+n,u,—f is expressed as

p=npg—fo+ Tny(1+n¢"), (2.5)

where the last term is the solute correction. For the free
energy functional F in Eq. (2.1) the generalized chemical
potentials including the gradient contributions read

OF
fu= o= =T 2 DV (i=1, 2), (2.6)
i j=12

which are homogeneous in space in equilibrium. The usual
chemical potentials u; and u, deviate from &, and [, in the
interface region. Originally, van der Waals set up the follow-
ing interface equation for pure fluids:’

po(n,T) = TDyn" = p (7). (2.7)

where u, is the chemical potential on the coexistence curve

p=p(T) of the pure fluid. The density n(z) changes along

the z axis and n”=d’n/dz?. Our equations in Eq. (2.6) lead to

the van der Waals interface Eq. (2.7) for n;=n(z) and n,=0.
In this paper a small parameter { is defined as

{=\j e, (2.8)

which has the dimension of density. The solute density n, is
expressed as

ny = { exp[— @(n,,T) + D,V?n, + Dy, V°n,]

= exp[- ¢(n),T) + D\;V?n,]. (2.9)

The fugacity of solute f>=exp(gi,/ T):)@g is usually used to
represent the degree of solute doping. The term proportional
to V2n, in the first line is omitted in the second line. In the
second line n, is expressed in terms of n, and V?n,. It fol-
lows ny={ exp[—¢(n;,T)] in the homogeneous bulk region.

J. Chem. Phys. 130, 124703 (2009)

In our theory expansions up to first order in { or f, are
performed. On the other hand, Leung and Griffiths' used
another parameter {;g=1/[1+A, exp(u,/T—u,/T)] in or-
der to describe the overall thermodynamics of binary mix-
tures along the critical line (0=X=1), where A is an ap-
propriate constant.

Equilibrium states may be characterized by the field
variables p, T, and {. As a functional of n; parametrized by
p, T, and ¢, the grand potential ) is defined as

QZF—fdr(ﬂ]nl‘Fl&/znz). (210)
In the dilute case [, may be removed with the aid of Egs.
(2.4) and (2.6), leading to

Q:fdr[fo—,dln,+§D”|Vn1|2—Tn2 , (2.11)
where the gradient terms proportional to D;, cancel to
vanish and n, depends on n; as in the second line of
Eq. (2.9). Then Q=Q({n,},T,{) is minimized in equilibrium
as a functional of n;. In fact 8Q/én;=0 holds from
Sny=—ny[ @' —D,V?*]6n, at fixed .

B. Two-phase coexistence

Let a planar interface separate gas and liquid regions.
The bulk densities of the two components far from the inter-
face are written as 1y, 1,4, n5¢, and n,,. The subscripts € and
g stand for liquid and gas, respectively. This paper treats the
dilute regime,

Moy K Mygy Ny <<y, (2.12)

in the two phases. Hereafter thermodynamic relations in this
case are given. For a noncondensable gas as a solute, another
typical situation is given by nj,<n,,<n;¢ far below the
solvent criticality.

As a reference state, we consider the two-phase state of
the pure fluid composed of the first component at the same
temperature 7 below T, where n; is equal to ny in liquid
and ng in gas. The chemical potential and pressure in the
pure fluid are written as u) and p?, respectively. With ad-
dition of solute, Eq. (2.9) yields the bulk solute densities,

Ny =Le™®, ny,={Le %, (2.13)

where ¢,=¢(n,y,T) with « standing for € or g. Since the

pressure is given by the common value p=p., in the two

phases, Eq. (2.5) yields the coexisting solvent densities

ni, (=4 or g) as
v

— 1= KTa[‘Spcx - Tn2a(1 + na()@,(naO))],
a0

(2.14)

where Ky, is the isothermal compressibility
Kr=(9n/dp)r/n of the pure fluid for a=€ or g and
5ch=ch—ng is the deviation of the coexisting pressure.

Furthermore, Eq. (2.3) yields
5ILL1CX:ILL1CX_ILL2X:(6pCX_Tn2a)/na0 (215)

for the deviation of the solvent chemical potential in two-
phase coexistence. This holds both for a=€ and g, so
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P ex(1/mgg=1/n40) =T(nap/ ngg—nag/ny)=0. Thus,

Opex = TAX/Av, (2.16)

5M1CX = TAnz/An, (217)

where An=ng—ngy and Av=1/n,~1/ng, are the differ-
ences of the density and the volume (per particle) between
gas and liquid in the pure fluid, respectively, (taken to be
positive). The differences in the solute density and molar
fraction are written as

Any=ny,—nyp=(e™%s —e™¥0), (2.18)
~Pg —®¢

AX:Q%—@=(6——8—>; (2.19)
Mgy Myo Ngo  Nyo

which are both proportional to { from Eq. (2.13).
For infinitesimal variations of wu;, w,, T, and p, the
Gibbs—Duhem relation generally holds in the form

dw; =—XdA - sdT + vdp, (2.20)

where A= pu,—u, is the chemical potential difference, s is the
entropy per particle, and v=1/(n,+n,) is the volume per
particle. In particular, for variations on the coexistence sur-
face in the p-T-A space, we obtain

AXdA = - AsdT + Avdp, (2.21)

where As and Av may be taken as the entropy difference in
the pure fluid. Here dA =T{"'d{ in the dilute case, so in the
mixture case {>0 we have

() L2 ()
) o,  AST N9 or (AU’

where (9*+/d )y, and (J -/ ) r are the derivatives
on the coexistence surface at fixed p and 7, respectively, and
the right hand sides of Eq. (2.22) are independent of { since
Xoc{. Obviously, dp., in Eq. (2.16) follows from integration
of (dp/ L)k r in Eq. (2.22) with respect to { from the refer-
ence pure fluid state at fixed 7. To derive Su;. in Eq. (2.17)
we integrate Eq. (2.20) with respect to ¢ at fixed T to obtain
Eq. (2.15). Here note the relation [ XdA = ngng/ {=TX,
where X/{ is independent of {. In the same manner, the
temperature change 6T.,=T,.(p,{)-T"(p) at fixed p (below
the critical pressure p,y) on the coexistence surface reads

ST, =—- TAX/As, (2.23)

(2.22)

which is proportional to £.

It is convenient to introduce the partition coefficient of
solute K as the ratio of the solute molar fraction in gas
X,=ny,/ny and that in liquid Xo=n5¢/n¢."> Equation (2.13)
gives

=20 = Mexp(g - g,).
X€ ngo

Then AX=(1 —IC")ng (K—=1)X,. The azeotropic line on the

coexistence surface is determined by =1, on which the two

phases have the same composition. If the gas region is dilute,

X, is nearly equal to the partial pressure of the second com-

ponent divided by the total pressure in the gas region. Near

(2.24)
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the critical point —1. When the gas phase is dilute,
Henry’s constant H is usually defined as

H = prg/Xes (2.25)

with p,,(=Tn,,) being the partial pressure of the solute,
Here H=p,K, where p, is the total gas pressure. To analyze
data near the critical point Levelt Sengers and co-workers*
used another definition of Henry’s constant,

ki = f2/X¢,

where f, is the solute fugacity. In our notation we obtain
kH=ICngO)\ge9°s from Egs. (2.8) and (2.9).

(2.26)

C. Surface tension and surface adsorption

The surface tension 7y in binary mixtures may be calcu-
lated from Eq. (2.1). It has been calculated in the gradient
theory in fair agreement with experimental data over a wide
temperature range.ls_z} However, our result cannot be used
in the asymptotic critical region.

In Appendix A, the deviation Ay=y—1, will be calcu-
lated, where v, is the surface tension in the pure fluid. For
small ¢ it follows the Gibbs relation,8

Ay=-1TT. (2.27)

Here I is the excess adsorption of the solute on the interface
expressed as

F=fdz{nz(z)—n2€+AA—’;2(n(z)—ngo) , (2.28)
where An,=n,,—ny, and An=ny—n,, and the integrand is
nonvanishing far from the interface.

The physical meaning of I' is as follows. For a finite
system with length L much longer than the interface width,
the interface position z=z;, may be determined with the aid
of the Gibbs construction,

L

Zinftgo + (L= Zin)gp = f dzn(z).
0

(2.29)

Then I' is expressed as

Zin L
I'= J dz[ny(2) = nyel + f dz[ny(z) = ny,], (2.30)

0

“in

where the first (second) term represents the excess adsorption
in the liquid (gas) region. The integrands here tend to O far
from the interface so we may push the lower bound in the
first integral to —cc and the upper bound in the second inte-
gral to o for a macroscopic system. The Gibbs relation
(2.27) has been used frequently for surfactants added in
water-air and water-oil systems,22 which induce a dramatic
decrease of vy even at extremely low bulk densities. If salt is
added, Ay contains an electrostatic contribution also.”

The surface tension y=y(T,{) of mixtures is defined on
the coexistence surface p=p(T,{). Since Ayx{ in Eq.
(2.27), use of Eq. (2.22) gives the temperature derivative of
WT,{) at fixed p in the form,
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1% d A
(_7) S0, 2 (2.31)
T/, dT ~ AX

It is important that the second term on the right hand side is
independent of { as well as the first term. In the azeotropic
case AX=0, the second term tends to *oe.

D. Mean-field critical behavior
1. Landau expansion

The mean-field critical behavior of dilute binary mix-
tures will then be examined near the critical point of the pure
fluid (solvent criticality). The critical temperature, pressure,
and density at the solvent criticality are written as 7.q, p.o,
and n,, respectively, in the pure fluid. The order parameter is
the solvent density deviation,

Y=n;—n. (2.32)

Here T-T,., and ¢ are assumed to be small. The Landau
expansion of fy(n;,T) is of the form

A B
Fo=foe T) + poo(T) ih + ;°(T— T + fw“, (2.33)

where [, (T)=f(n.,T) and wo(T)=po(ny,T) are the free
energy density and the chemical potential at the critical den-
sity, respectively. The Gibbs—Duhem relation for one-
component fluids yields

10(T) = oo = (o = negpL)(T = Tep), (2.34)

where w, is the critical chemical potential, s is the critical
entropy, and p..=(dp/dT). is the derivative of p with re-
spect to T along the coexistence line at the solvent criticality.
Use has been made of the relation (dp/dT),=p., near the
solvent criticality.3

A small amount of the second component is then added
as a solute. Near the solvent criticality, we expand the solute
density n, in Eq. (2.9) as

%: C0+C1¢+%zﬁ2+%¢3 (1-D,V2¢ 1. (2.35)

Here we may set T=T,, since the term —Tn, is already a
small perturbation in the grand potential (2.11). The coeffi-
cients Cy, Cy, C,, and Cj are obtained from the expansion of
e % as

Co=e %, Ci=-¢,Cy C,= (%2 - ¢1)Co,
(2.36)

1 J
C3=530.¢! - ¢! - ¢.>)Cy.

where ¢, ¢/, and ¢ are the derivatives dg/dn,, P/ dn,
and # o/ &n? at the solvent criticality, respectively. The criti-
cal solute density and molar fraction read

nye=LCo,  X.=LCy/ne.

Equilibrium is obtained by minimization of the grand
potential ) in Eq. (2.11), which is the integral of the density
=fy— frn,—Tn, plus the gradient term. Here f; should be
expressed in terms of the macroscopically given pressure p

(2.37)
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(not treated as a fluctuating variable), temperature T, and .
From the expression for u; in Eq. (2.3) some calculations
give
- T
PP - SCO(T_ TCO) - _COHZC
neo

M1 = e+ (2.38)

neo
in the bulk regions. This relation also follows from integra-
tion of the Gibbs—Duhem relation (2.20) for mixtures. Note
that g, is equal to the right hand side of Eq. (2.38) in the
whole space. The Landau expansion of &=fy—n,—Tn, is
now of the form
~ -1 AO
& ==po(T.0) =neohtpt —(T=T)f+ -+, (2.39)
where po(T,{)=p(n.,T,{) is the pressure in Eq. (2.5) at
n=n,, and h has the meaning of the ordering field. Use of
Egs. (2.34) and (2.38) gives

h=p=peo—peolT=Te) = Too(Co—neCh)L. (2.40)

In the third term of Eq. (2.39) T,.=T,,+AT., is the critical
temperature with the shift

ATC= gTCOCZ/AO‘ (241)

Since h=0 at the criticality T=T. and p=p,, the critical pres-
sure shift Ap.=p.—p,o is calculated as

Ap.=pLAT, + Teo(Co = noC1)E (2.42)

to first order in . Since AT,, Ap., and X, are all linear in £,
the derivatives of T, and p. along the critical line are given
by dT,/dX=AT,./X.and dp./dX=Ap./X,. The critical line is
characterized by X=X_.({) in Eq. (2.37), leading to

dr, C,

e ey 2.43
dX o) OA()C() ( )
dpc ’ dTL < l)

=pl = Tl 1= = 2.44
dx Pex dX neol co L) C() ( )

In addition, from the third order term (°<C3) in the expansion
of n, in Eq. (2.35), there arises a small shift of the critical
solvent density as

Ni.—N= ch‘OC3/BO' (245)

If we expand @=fy—fn,—Tn, up to the quartic term and
rewrite it in powers of n;—n,,., the third order term should
vanish. However, this critical density shift does not affect the
shifts of T, and p, to first order in {. Also the coefficient of
the gradient term in () is changed from D,; to

D, =Dy, - {D,C,. (2.46)

This correction is irrelevant in the dilute limit.

2. Krichevskii parameter and concentration
fluctuations

In literature,*"*!% use has been made of the thermody-

namic derivative (dp/dX),; with n=n;+n, and X=n,/n to
analyze the critical behavior in dilute mixtures."? From Eq.
(2.5) it is equal to Tn(1+n,¢')—nif; in our approximation.
It is known to tend to a well-defined limit, called the
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TABLE L. T./T,, p./ngTe, Kii/noT.o and p./Ky, for CO,+solute and for H,O+solute near the solvent
critical point, where T.=dT,/dX and p.=dp./dX. The last quantity is related to the temperature derivative of
the surface tension in Eq. (2.60). Data are taken from Refs. 24-26.

Solvent Solute T /T pilngTe Ky /noT e Ll Ky,
CO, Neon —0.0517 0.919 1.02 0.900
CO, Argon —0.192 0.553 0.936 0.591
CO, Ethanol 0.539 0.694 —0.380 —1.81
CO, Pentanol 2.20 1.96 —2.42 —-0.8.9
CO, Ethane —-0.182 —0.187 0.175 —-1.07
H,0 Toluene —-1.32 —0.948 1.434 —0.661
H,0 D,O —0.0050 —0.0041 0.0050 —-1.21

Krichevskii parameter, as {— 0 at the solvent criticality. In
terms of Cy and C, in Eq. (2.41), it is expressed as

& c
mﬁ( ,,) = Teoneo(1 = neoCy/Co). (2.47)

(9_X nT
From Eqgs. (2.43) and (2.44) it follows the well-known

relation®!?
dp. , dTI.
= ~ Pex .
dX 170.4

Kx: (2.48)

From Eq. (2.35) the solute molar fraction behaves as
X=n,/n,={(Co+Cyh) I nog—noipin’y+--+ at T=T,. For
small T—-T,, and ¢ it is expressed as

X
}? =1 +Am(T_ TCO) - (KKr/”goTco)lﬁ"' Tt

c

(2.49)

where A,, is a constant. In two-phase coexistence this equa-
tion yields

AX/AU = (KKr/TCO)XC' (250)

From Eq. (2.22) this is the near-critical expression of
L(p! D) ex1! Too=(dp! IA) ok r in the dilute limit.

In Table I, we show experimental data of T;édTC/ dX,
(n.oT.0) 'dp./dX, (n.oT.0) 'Kk, and dp./dX/Ky, for dilute
mixtures near the solvent criticality, where the solvent is CO,
(Ref. 24) or H,0.”% For CO, we have T,=304 K,
neoTp=26.1 MPa, and (dp/dT)./n.o=1.97, while for H,O
we have T,=647.01 K, n, T.(=96.0 MPa, and
(dp/ dT)ox/ney=1.81. Thus dT./dX, dp./dX, and Ky, can be
both positive and negative depending on the specific details
of the two components. These quantities are very small for
H,O0-D,0 mixtures,”® where the two components are very
alike. If the solute is H,O and the solvent is D,0, their signs
are simply reversed with their absolute values nearly un-
changed.

In two-phase coexistence with general compositions, the
present author introduced the parameter3’17

AX 1 (ap)
€, =N.~—=——|T"— ,
: An n\9dA/ 1

where n,=n,.+n,, is the critical density and An=n;—n,. The
critical line under consideration is that of the gas-liquid
criticality for |e, /=<1 and is that of the consolute crit-
icality for |e,|=1. In the dilute limit X—0, we have
€,.=—(Kx,/n,T.0)X. For *He—*He mixtures,"'” the relation

(2.51)

€, = —%X(l —X) roughly holds along the critical line, where
X is the *He molar fraction. Thus Ky./nT .o 18 1/3 with He
being a solute and is —1/3 with “He being a solute. Thus
SHe—“*He mixtures are nearly azeotropic at any X (even
away from the critical line). The resultant crossover effects
have been observed in near-critical *He—*He mixtures in
statics and dynamics.27

On approaching the critical point, the thermal fluctuation
of i is enhanced with its variance proportional to the com-
pressibility Kya=(dn/dp)a/n as in Eq. (B5) in Appendix B.
As shown in Eq. (2.49) or in Eq. (B12), the thermal fluctua-
tion of the molar fraction contains the growing part
—(K./n%)T.)X " From Egs. (B5), (B8), and (B12) the
concentration susceptibility (X/JA),r behaves near the criti-
cality as

X

T( _) = X + X*(KZ/neoT0)Kra.
pT

oA (2.52)

The first term is the low density limit [see Eq. (B8)]. The
second is the singular contribution stemming from the
solute-solvent interaction. We may set (9X/dA),r=X/T and
replace the mixture compressibility K, by the pure fluid
compressibility K; when

XK2 KT < 1. (2.53)

This condition has been assumed in the definition of the
Krichevskii parameter (see Appendix B).

3. Critical behavior of surface tension

Using the Landau expansion of f; in Eq. (2.33) we next
examine the mean-field critical behavior in two-phase coex-
istence, where the average order parameter values in the two
phases are = * i, with

o =[Ay(To~ T)/B,]". (2.54)
The surface tension of the pure fluid vy, is written as
Y= 3(Teo = DAGLE. (2.55)

The interface profile is expressed as #(z)=1, tanh(z/2§)
along the surface normal, where ¢ is the correlation length in
two-phase coexistence expressed as

E=(D)/2A0)"*(1 - TIT o).

Thus  y,x(1-T/T,)*?, as
van der Waals.

(2.56)

originally derived by
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It is easy to calculate the surface adsorption T’
in Eq. (2.28). Use of the expansion (2.35) gives
['={C,[dz[(z)*~ 7). Thus,

AT,

[=-2C0==2" Ao, (257)

c0
so [ocf(1-T/T,5)"?. Because dvyy/dT==3vy/2(T.o—T)
=—2A7¢ from Eq. (2.55), we find

_dy AT,

= . 2.58
dT T, 258)

If we write y,=A,(1-T/T,,)** with A, being a constant, the
surface tension of dilute mixtures y=vy,—TI is expressed as

y=AT 3 [T -TP?, (2.59)

to first order in {. That is, the solute effect on 7y is only to
shift T, to T.({)=T.o+AT,. From Egs. (2.31) and (2.58) we
may express (dy/dT). in terms of AT,. Further using Eq.
(2.42) it assumes a simpler form in terms of Ap, or dp./dX
as

1% d AvAp, 1 dp,
(1) v _AvAp. 1 dp, (2.60)

ap AT AX Ty Ky dX'

which tends to a well-defined limit at the solvent criticality.
See the last column of Table I for the above ratio. It is nega-
tive if Ky, and dp./dX have different signs.

lll. VAN DER WAALS THEORY OF MIXTURES
A. Dilute mixtures

The van der Waals theory of one-component fluids® was
extended to binary mixtures by van der Waals and
Korteweg.3’6’16 For binary mixtures the Helmholtz free en-
ergy density f=f(n;,n,,T) is given by

3

f: TE n{ln(%) - 1:| - E wijninj,
i )

3.1
é (3.1)

where \;=(27/m;T)"*h are the de Broglie lengths with m,
and m, being the molecular masses and # being the Planck
constant. The ¢p=vgn+v,gn, is the volume fraction of the
hard-core region with v, and v, representing the molecular
van der Waals volumes. The coefficients w;; represent the
strength of the van der Waals attractive interaction between
ij pairs. However, more elaborate thermodynamic models
have been used to predict the surface tension of real binary
mixtures.'¥

In the pure fluid limit (n,=0), the free energy density
and the chemical potentials are given by

3
fon, T)=Tn ln{ 1”_}\1¢] —Tn—wyn?, (3.2)
A T
MO(n,T):Tln[ln_—]qJ +%ﬁ—2w11n, (3.3)

where we set n=n; and ¢=vn,. Hereafter

J. Chem. Phys. 130, 124703 (2009)
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FIG. 1. Upper plate: A (T) in Eq. (3.13), n¢y/n.o, and nyg/n. vs T/ T, in the
van der Waals theory. Lower plate: K=X,/X, vs T/T, in dilute mixtures on
a semilogarithmic scale, where (r,w)=(0.8,0.8) for (a), (0.8,1.0) for (b),
(1.5,1.0) for (c), and (1.5,1.4) for (d). Two parameters r and w are defined in
Eq. (3.9).

-1
€=V Wy (3.4)
is the attractive energy among the molecules of the first com-
ponent. In the pure fluid, the critical temperature, pressure,
and density are written as

I,
nep=,Vi0-

8e € _
EUIO’ 0= 3

T, s Peo=

=— 3.5
c0 27 ( )

See the upper plate of Fig. 1 for the liquid and gas densities
in the van der Waals model. Far below the critical tempera-
ture in two-phase coexistence, the gas density n,, becomes
very small compared to the liquid density nyy. In fact, if
pgxz Tngyo<Tng, the van der Waals theory yields

be=75+3(1-4T/€)'?, (3.6)

by by = (I T)e < 2=¢IT (3.7)

where ¢y=vgnyo is obtained from pSXEO and ¢,=v g1,
from u =T ln(ngo)\?).
The quantity ¢ in Eq. (2.2) becomes

o= (1 g

4 e (3.8)

in terms of ¢p=vgn;. Here two dimensionless parameters, the
volume ratio and the potential ratio, are introduced as
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r=0.8 r=1.5

FIG. 2. Profiles of the normalized molar fraction X(z)/ X, of the solute at
T=0.9T,, for r=0.8 and w=1.3, 1.1, 0.8, and 0.5 (left) and for r=1.5 and
w=1.5,1.2, 0.8, and 0.4 (right). It tends to ™! on the left hand side. Shown
also is the normalized density vyn(z) of the pure fluid composed of the first
com}]xgnent (broken line). Space is measured in units of the molecular size
a=vyp.

Vo2 Wi
= w=—

) )

Vo1 wii

(3.9)

which characterize the physical properties of the second

component. If n(z)=n,(z) is the density profile of the pure

fluid across an interface, the density n, is expressed as in Eq.
(2.9). With the aid of Egs. (2.7) and (3.3) we rewrite ¢ as

1, 3 ., =1 2€

o= },u,cx— In(n\y) + Dyn" + :f)(ﬁ_ 7(W -1)¢

(3.10)

in terms of ¢p=v,on(z). From Eq. (2.9) the space-dependent

molar fraction X(z)=n,(z)/n,(z) becomes

l—rd) 26( g+ D'n"
+—(w- +D'n" |,

1-¢"" T

where = )\?e"‘gx”{. = (my/my) 2T and  D'=D,,

—D,,. Notice that X=const or =1 for r=1, w=1, and

D,=Dy;, where the two components have the same physical
properties.

X="Cexp (3.11)

B. Two-phase coexistence

From Eq. (3.11) the logarithm of the partition coefficient
K in Eq. (2.24) is expressed as

r—1)A 2e
_=DAG 2¢ 0 iag.
(1-¢)(1-¢) T
where ¢(=001n€0, ¢g=001ng0, and A(ZS: ¢€—¢g=U10An. In
the lower plate of Fig. 1, KC versus T/T,, is shown for typical
four cases. Remarkably, the azeotropy (K=1) is attained in
the dilute limit on the following line in the r—w plane,

r=1=A.(T)(w-1), (3.13)

In K = (3.12)

where the coefficient A,(7) is determined by the solvent
properties only as

ALT) =21~ $))(1 - §)eIT.

See the upper plate of Fig. 1 for A(T) versus T/T.,. Here
A,—3 as T—T,, while for ¢,<1 we find A, =2/, from
Egs. (3.6) and (3.7) and

(3.14)

J. Chem. Phys. 130, 124703 (2009)
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FIG. 3. Upper plate: Surface tension 7, multiplied by 10 and v,/ 7% vs

T/T,, for the pure fluid, where 7=1~T/T,,. Lower plate: Ay/X,=-TI'/X,
vs T/ T, in dilute mixtures, where (r,w)=(0.8,0.8) for (a), (0.8,1.0) for (b),
(1.5,1.0) for (c), and (1.5,1.4) for (d). The y, and Ay are measured in units
of €/a’.

InK=[r-1-A(w-1)]¢leT. (3.15)

Using ky in Eq. (2.26), Levelt Sengers and co-workers" ex-
amined ky/f, where fy=exp(uy/T) is the fugacity of the
pure fluid. In the van der Waals theory it is of the form

ky 31 m r—1 2e |
72t 1_¢€¢e T w=Dé.

In Fig. 2, we display profiles of the molar fraction X(z)
divided by the molar fraction in the gas region X, at T
=0.9T,, where A,=2.88. In the left panel, we set r=0.8 and
vary w as 1.3, 1.1, 0.8, and 0.5. In the right panel, at r=1.5,
we have w=1.5, 1.2, 0.8, and 0.4. Thus X,/X,=K"" in-
creases with decreasing r and/or with increasing w. In our
numerical analysis, we set D;=D;,=10a> with azv}g. See
Sec. III C for justification of this choice of Dy;. It is worth
noting that Sahimi and Taylor19 calculated the density pro-
files of two components around an interface.

In (3.16)

C. Surface tension

In the upper plate of Fig. 3, we show 7y, and 7,/ 7>

versus T/ T, for the pure fluid, where 7=1-7/T,, and use is
made of formula (A5) in Appendix A with D;=10a’. The
relation 7y, 72 nicely holds over a wide range of T/T..
Remarkably, experimental data of the surface tension of
water can also be nicely fitted to the formula ey, =Acxpy
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J. Chem. Phys. 130, 124703 (2009)
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FIG. 4. Excess solute density An,(z) in Eq. (3.17) divided by the molar fraction in the gas X, in units of vl

(1=T/T,5)*? over a wide temperature range except close to
the criticality (in the range 1-7/T,,=0.1).2" As in our pre-
vious work,”® we have determined D, such that our numeri-
cal y and the experimental Y., for water reasonably agree
except close to the criticality. In fact, at T7/7.=0.675, our y
is 425 dyn/cm if we set D;;=10a°>, a=3 A, and
T.,=647.1 K, while the experimental value of water is
44.6 dyn/cm.

In the lower plate of Fig. 3, we display the surface ten-
sion change Ay=-TT" divided by X, versus T/T,, for four
sets of (r,w). From Eq. (2.27) I is the space integral of the
excess solute density An,(z) expressed in terms of the den-
sity n(z) of the reference pure fluid

Nyg—Npe
(n(z) = ng).
€0~ Ngo

Any(2) =ny(z) = nye - (3.17)

In Fig. 4, we plot n,(z) for r=0.8 (left) and r=1.5 (right) for
various w. With increasing w, I becomes negative and its
magnitude increases strongly. In Fig. 5, we display the ratio

-2.5

06 065 07 075 08 085 09 095 1
T/T¢o

FIG. 5. Ratio of the temperature derivatives 7., =(dy/dT)., and
Yo=dvo/dT vs T/T,y in dilute mixtures, where (r,w)=(0.8,0.8) for (a),
(0.8,1.0) for (b), (1.5,1.0) for (c), and (1.5,1.4) for (d). It changes its sign for
(d).

(dp./dX)!Kg,=(dy! dT). ,/ (dy/dT) calculated from Eq.
(2.31) as a function of T/T,, for four sets of (r,w). It even
changes its sign from positive to negative with increasing T
for (r,w)=(1.5,1.4).

D. Near-critical behavior

The Landau expansion of f, with respect to y=n—n,; is
given in Eq. (2.32). For the van der Waals model the coeffi-
cients are given by

243 3

A0=%T7U10, BO= ETcovio. (318)

In the pure fluid, the liquid and gas densities are ngy=n,
+, and nyy=n.—i,, where Eq. (2.49) gives

¢e = 2nCOTl/2' (319)

Here 7=1-T/T, is the reduced temperature (positive below
the critical temperature). See the upper plate of Fig. 1 for ng
and ng. Then,

An=24, Av=18vi,, As=%,. (3.20)

These differences are of order 7/2. In particular, As=67"2
The latter two relations are consistent with the Clausius—
Clapeyron relation As/Av=(dp/dT)=1/2v,, along the co-
existence curve. In addition, the correlation length ¢ in Eq.
(2.51) becomes £é=0.86a7""? in our numerical analysis with
Dy,=10a°.

Using ¢ in Eq. (3.6) we perform the Taylor expansion
e =Cy+C i+ Cof?/2+ -+ as in Eq. (2.36). In terms of r
and w in Eq. (3.9) the coefficients are expressed as

Co= %exp(— 12 +9w/4),
C1=3010(=3r =2+ 9w)C,, (3.21)

C,= %v%o[(r - 3w)? = 4w]C,.

The critical solute density and concentration are
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FIG. 6. T,4dT./dX (upper plate) and (n,T.o)"'dp./dX (lower plate) as func-
tions of r and w in Eq. (3.9) near the solvent critical point.

nye=Col,  X.=3v10Co¢. (3.22)

The solute density difference in Eq. (2.18) and the composi-
tion difference in Eq. (2.19) are expressed as

Any=(3r—9w +2)X.n.7"%,

(3.23)
AX =3(r-3w+2)X.7".
The Krichevskii parameter in Eq. (2.47) is given by
Ki/neoTeo=5(r=3w+2), (3.24)

which was already derived by Petsche and Debenedetti.’ See
Table I for experimental values of the above quantity. In
accord with these results, /C behaves as

K=1+3(r-3w+2)7"2+ -+, (3.25)

while In(ky/fy)=const+3(r—=3w+2)72/24--- from Eq.
(3.16). Levelt Sengers and co-workers’ found that data of
T In(ky/ f,) can well be fitted to the form C+B(n,—n,q) near
the critical point for a number of solutes in H,O.

From Egs. (2.43) and (2.44) the derivatives dT,./dX and
dp./dX along the critical line are written as

1 dr, 1

N c _ —(r_ 3w)2 -w, (326)
TodX 4

1 dp,

— e (= 3w) (= 3w +2) — 4w —1). (3.27)

Pco dx

In Fig. 6, we show dT./dX and dp./dX in the r-w plane. In
Fig. 7, we show the curves of dT./dX=0, dp./dX=0, and the

J. Chem. Phys. 130, 124703 (2009)

FIG. 7. Curves of AT,=0, Ap.=0, and AX=0 on the plane of (r,w) near the
solvent critical point.

azeotropic line AX=0. Thus, AX, dT./dX, and dp./dX can
be both positive and negative depending on r and w.

From Egs. (2.58) and (3.26) the surface adsorption I is
written as

dy

e (3.28)

= i[(r -3w)? - 4w]X,

From Eq. (2.60) we calculate the temperature-derivative of y
on the coexistence surface,

<&_y> _[r—?aw_ 2(w—-1) dyy
cX,p

. (3.29)
oT 2 r=3w+2|dT

Thus the above derivative can be both negative and positive
and can even diverge to *o on the azeotropic line
r=3w+2=0.

IV. SUMMARY

In summary, a Ginzburg-Landau theory has been pre-
sented for dilute binary mixtures, where the solute-solvent
interaction is relevant but the solute-solute interaction is neg-
ligible. A parameter { proportional to the solute fugacity has
been introduced in Eq. (2.8). Up to first order in ¢, all the
physical quantities of binary mixtures can easily be calcu-
lated in terms of the properties of the one-component fluid
and the solute-solvent interaction parameters. In more detail,
our main results are as follows.

(1) The coexistence surface has been given by Egs. (2.16)
and (2.23) or by Eq. (2.22). Henry’s constants have
been introduced in Egs. (2.24)—(2.26).

(i)  The Gibbs formula for the surface tension change Ay
in Eq. (2.27) has been derived in Appendix A. The
surface tension derivative (Jy/dT) .« with respect to T
at fixed p has been obtained in Eq. (2.31). Interest-
ingly, it consists of two terms both being independent
of £.

(iii) The critical temperature shift AT, is given in Eq.
(2.41) and the critical pressure shift Ap, in Eq. (2.42).

(iv)  The Krichevskii parameter Ky, has been given in Egs.
(2.47) and (2.48). The normalized parameter
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Ky X./n. T, represents the size of the critical con-
centration fluctuations as in Eq. (2.49), leading to
Eq. (2.52).

(v)  The surface adsorption I' has been related to AT, as in
Eq. (2.58) and (dy/ dT). , to Ap, as in Eq. (2.66) near
the criticality. The solute effect on the near-critical
surface tension is simply to shift the critical tempera-
ture T,.o by AT, as in Eq. (2.59).

(vi)  Experimental data of dT./dX, dp./dX, and K, have
been given in scaled forms in Table I, which shows
that they can be both positive and negative.

(vii) The van der Waals model of binary mixtures has

given simple expressions for all the theoretical ex-

pressions in Sec. II, as illustrated in the figures. The
solute-solvent interaction is described in terms of the

size ratio r and the potential ratio w in Eq. (3.9).

The profiles of the solute density and its excess near

an interface have been numerically calculated as in

Fig. 2 and 4. The negative adsorption becomes

marked for large w.

(ix)  The near-critical behavior in the van der Waals model
is very simple in the mean-field theory. In terms of r
and w we have calculated K, Kg,, dT,/dX, dp./dX, T,
and (9y/dT). - In the r-w plane, we have plotted
dT./dX and dp./dX in Fig. 6 and the curves of
dT./dX=0, dp./dX=0, and =1 in Fig. 7.

(viii)

Finally, we propose measurements of the surface tension
as a function of the temperature at fixed pressure for various
solutes in water or in CO,. The derivative (dy/dT)., be-
comes independent of the solute density in the dilute limit
and can be both negative and positive. Its mean-field expres-
sion is given in Eq. (2.60) near the solvent criticality. In the
van der Waals theory, it depends on the size ratio r and the
potential ratio w as in Eq. (3.29). It is also a relevant param-
eter determining the Marangoni flow around a bubble mov-
ing in heat flow in binary mixtures,'” as will be reported
shortly.
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APPENDIX A: CALCULATION OF SURFACE TENSION

Here the surface tension vy of binary mixtures is exam-
ined from Eq. (2.1). The grand potential density of mixtures
is given by

w=f- 2M1”+ EDU,,, (A1)

where n/=dn;/dz and f; take the values in two-phase coex-
istence. All the quantities change along the z axis. The space
integral of w gives the grand potential () in Eq. (2.10). Then

J. Chem. Phys. 130, 124703 (2009)

o tends to —p,, far from the interface z— * o and the sur-
face tension is expressed as

= f del(2) + ped. (A2)
Differentiation of w(z) in Eq. (A1) with respect to z yields
dw/dz=2TZ;D;n; ;’ from Eq. (2.6), where n; —d2n /dz2.
Therefore,

0= TED,],, pcx—2<f > fn ,)+pcx. (A3)

Then vy in Eq. (A2) may also be expressed as 7y
_de’TE Dl]nl,nj’ _ZIdZ(f‘_Eilaini"-pcx)'

Next vy is expanded with respect to { in the dilute case.
As in the derivation of Eq. (2.11), elimination of 4, in Eq.

(A1) gives

T 12
= | dz| fo(n) = pyny + pex + 5D11”1 -Tny |, (A4)

where [, :,u,2x+ OM1cxs Mo 18 given by the second line of Eq.
(2.9), and the integrand vanishes as z— * . Let n=n(z) be
the density of the reference pure fluid or n(z)=lim,_qn,(z).
Then n(z) —ngy (ny) as z——(») and we have the inter-
face Eq. (2.7). As {—0 the surface tension of the pure fluid
is obtained as

(A5)

T i
Yo= f d{fo(") - M(c)x” +p(c)x+ EDU” :

From Egs. (A4) and (A5) the surface tension change
Ay=y—1, for small { is expanded with respect to the devia-
tion on,(z)=n,(z)-n(z) as

Ay: J dz[(fé(n) - /-l’(c)x - TDlln") 5”1 - 5Iu’lCXn + 5pcx

-Tny]+ -+, (A6)

to first order in . Here the first term in the brackets vanishes
from Eq. (2.7). Further use of Egs. (2.16) and (2.17) yields
the Gibbs relation in Eq. (2.27).

APPENDIX B: CORRELATION-FUNCTION
EXPRESSIONS

We examine the correlation-function expressions for
thermodynamic derivatives such as Ky, in Eq. (2.47) and
(0X/9A) 7 in Eq (2.52) in the framework in the book of the
present author Equivalent relations for Ky, were already
used in literature.*'*"?

The microscopic particle densities are written as

ijr)= 2 8r-ry), (B1)

lej

where the summation is over the particles of the species

j(=1,2) at position r,. Then n;=(7;), where (---) denotes the

equilibrium average. The pair correlation functions are writ-
ten as
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(67(r) 8i;(0)) = n;5;8(r) + ninjg;(r), (B2)

where i, (r)=r;(r)—n; (i=1,2) are the density deviations
and g;(r) (i,j=1,2) are the radial distribution functions
tending to zero for large separation r. It is convenient to

introduce the concentration variable )A((r) and the number

density variable n(r) by

~ LLAPN LUHPN PPN ~
X=X+ ;nz—;nl, n=n;+n,,

(B3)
where (/i)=n=n,+n, and ()A(>=X=n2/n. We define a fluctua-
tion variance for any space-dependent variables A(r) and
B(r) by

(A:B) = f dr{(A(r) = (A)(B(r) - (B))). (B4)

The variances among 72 and X may be expressed in terms of
the thermodynamic derivatives,

- on .. T{oX
(:iy=nT\| —| , XX)=—|\—] ,
ap/ ra n\dA/ r

. oxX T( on
dp/)ra n\dA T

where n and X are treated as functions of the field variables
T, p, and A=pu,—pu,; in the derivatives. These variances are
linear combinations of the variances among the densities,
which are written as

(B5)

I = <ﬁi:ﬁj> =n;0; + nian drg;(r), (B6)
from Eq. (B2). On the other hand, the compressibility at
constant X is written as

1{dn 1 L AX)?
KTX:_<_) =" (i) - A
n\dp/)rx nT (X:X)

Near the mixture criticality, the ratio K;y/Kry behaves as
X/(X:X)=nX/[(3X/dA)7,T] [see Eq. (2.52)]. All the vari-
ances in Egs. (B5) and (B6) diverge strongly at the mixture
criticality except for special cases such as the critical azeot-
ropy. In the low density limit X— 0 under Eq. (2.44), Egs.
(B3) and (B6) give

(B7)

(X:X) = (Ay:iy)/n® = XIn. (B8)

We also need to assume (X:7)oX for the existence of the
Krichevskii parameter [see Egs. (B9) and (B10)].

We next examine the thermodynamic derivative
(dp!9X),r==(9n/ dX),r/nKry. Its correlation-function ex-
pression reads

(&_p) ~ - nT(h:X)
Xt (hANRRY = (AR

(B9)

In the low density limit we use Eq. (B8) and replace the
denominator of Eq. (B9) by (7:7)X/n to find

J. Chem. Phys. 130, 124703 (2009)

1 (ﬁp) n(Ai:X)
Iim—|—| =-lim——
x—onT\dX/),r  x—oX{i:A

=1-n,C5, (B10)

where the second line follows from Eq. (B3). We define
CTy= lim (g )/ng(iy iy ), (B11)
0

ny—

which coincides with the space integral of the direct correla-
tion function Cy,(r) in the dilute limit.*'*'* Here we define
C;(r) in dimensionless forms.” Thus the Krichevskii param-
eter Kg, in Eq. (2.47) is the value of n,7(1-n,C7,) at the
solvent criticality. This expression has been used to estimate
Ky, for given molecular interaction pa¢rame:te:rs.6’l4’15 From

Egs. (B10) and (B11) the singular parts of X and i, are

(Xv)sing = (CTZ - l/nl)Xéﬁl N
(B12)
(ﬁZ)sing = CTznz 5ﬁ] ,

near the mixture criticality. Here we have calculated

projected parts of X and n, onto the critical fluctuation
On;=n,—n,. Equation (2.52) is then obtained with the aid of
Eq. (BS).
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