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Chapter 1
Solvation eﬀects of ions and ionic surfactants in polar ﬂuids

Akira Onuki
Department of Physics, Kyoto University, Kyoto 606-8502, Japan
A Ginzburg-Landau theory is presented on polar binary mixtures containing ions. It takes account of electrostatic, solvation, image, and
amphiphilic interactions among the ions and the solvent molecules. The
ion distributions and the electric potential are calculated around an interface with ﬁnite thickness in equilibrium. The surface tension is increased for hydrophilic ion pairs, but is decreased for hydrophilic and
hydrophobic ion pairs. Introducing the amphiphilic interaction, we also
treat ionic surfactants, which aggregate at an interface and reduce the
surface tension. A mesophase with periodic composition and ion modulations emerges for suﬃciently large asymmetry between the cationic
and anionic solvation strengths. Also, among ions, there arise long-range
attractive interactions in the Ornstein-Zernike form, which are mediated
by the composition ﬂuctuations. Under strong solvation conditions, they
can dominate over the Coulomb interaction in the range shorter than the
correlation length. In the presence of three ion species, the ion distribution can be very complex.

1.1. Introduction
In usual electrolyte theories, ions interact via the Coulombic potential in
a ﬂuid with a homogeneous dielectric constant ε. However, ε is strongly
inhomogeneous particularly in the presence of mesoscopic structures in polar ﬂuid mixtures (water and oil) or in polymer solutions. Furthermore,
in most of the physics literature, the microscopic molecular interactions
between ions and solvent molecules are not explicitly considered. Around
a microscopic ion such as Na+ or Cl− in a polar ﬂuid, the ion-dipole interaction gives rise to a solvation (hydration) shell composed of a number
of solvent molecules (those of the more polar component for a mixture).1,2
The resultant solvation free energy per ion will be called the solvation chem1
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ical potential and will be written as µisol where i represents the ion species.
It is important that µisol strongly depends on the solvent density or the composition for binary mixtures, with its typical values much larger than the
thermal energy kB T . Thus the molecular interaction gives rise to the free
∑
energy density i µisol ni ,3,4 where ni (i = 1, 2, · · · ) are the ion densities. It
strongly inﬂuences phase transitions in polar ﬂuids.
Using the linear dielectric constant ε, Born took into account the polarization around an ion to obtain his classic formula.5 It is the space integral
of the electrostatic energy ε(∇Φ)2 /8π around the ion, where Φ = Zi e/εr
is the potential with Zi e being the ion charge. The dominant contribution
arises from the integral at small r as
i
i
(µisol )Born = Zi2 e2 /2εRion
= kB T Zi2 ℓB /Rion
,

(1.1)

i
is called the Born radius.1 In terms of the
where the lower cut-oﬀ Rion
2
i
<
Bjerrum length ℓB ≡ e /εkB T , we can see (µisol )Born > kB T for Rion
ℓB . For mixtures of two ﬂuid components, A and B, ε changes from the
dielectric constant εB of the less polar component B to that εA of the more
polar component A with increasing the volume fraction ϕ of the more polar
component A, so the Born formula indicates strong dependence of µisol on
ϕ. However, it is well-known that the Born formula neglects electrostriction
(leading to the shell formation) and nonlinear dielectric saturation (due to
strong electric ﬁeld in the vicinity of an ion).
We consider a ﬂuid-ﬂuid interface between a polar phase α and a less
polar phase β with bulk compositions ϕα and ϕβ , across which there arises
a diﬀerence of µisol because of its composition dependence:
iα
∆µiαβ = µiβ
sol − µsol ,

(1.2)

where µiK
sol (K = α, β) are the bulk values of the solvent chemical potential
of species i in the two phases. In electrochemistry,6,7 the diﬀerence of
the solvation free energies ∆Giαβ between two phases have been called the
standard Gibbs transfer energy. (Since ∆Giαβ are usually measured in units
of kJ per mole, dividing them by the Avogadro number gives ∆µiαβ ). It
is well-known that if there are diﬀerences among ∆µiαβ (i = 1, 2, · · · ), an
electric double layer emerges at the interface, giving rise to an electric
potential jump ∆Φ = Φα − Φβ , called the Galvani potential diﬀerence,
across the interface in equilibrium. In particular, if there are only two
species of ions (i = 1, 2) with charges Z1 e and −Z2 e (Z1 > 0 and Z2 > 0),
the Galvani potential diﬀerence is expressed as4,6
e∆Φ = (∆µ2αβ − ∆µ1αβ )/(Z1 + Z2 ),

(1.3)
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and the ion densities in the bulk two phases are related by
(
ln

n1α
n1β

)

(
= ln

n2α
n2β

)

[
]
∆µ2αβ
∆µ1αβ
Z1 Z2
+
=
,
Z1 + Z2 Z1 kB T
Z2 kB T

(1.4)

at suﬃciently low ion densities. These relations readily follow from the
continuity of the (total) ionic chemical potentials across the interface and
the charge neutrality conditions in the bulk two phases. Note that Φ(z)
near a thin interface changes on the scale of the Debye-Hückel screening
−1
length, κ−1
α in the α phase and κβ in the β phase. As a result, Φ changes
−1
from Φα to Φβ on the spatial scale of κ−1
α + κβ , which becomes very long
as the ion densities determined by Eq.(1.4) become very small in one of
the two phases.4 Remarkably, ∆Φ in Eq.(1.3) is independent of the ion
densities. It is typically of order 10kB T /e(∼ 0.1Volt) for ∆µ2αβ ̸= ∆µ1αβ . It
vanishes for symmetric ion pairs with ∆µ2αβ = ∆µ1αβ . As Eq.(1.4) indicates,
the ion densities in the two phases are very diﬀerent in many cases. For
example, if ∆µ1αβ /kB T = ∆µ2αβ /kB T = 10 in the monovalent case, the
common ratio n1β /n1α = n2β /n2α becomes e−10 = 2.4 × 10−4 .
In the literature, data of ∆Giαβ on water-nitrobenzene at room temperatures are available,6,7 where the two components are strongly segregated. For aqueous mixtures with α being the water-rich phase, ∆Giαβ is
positive for hydrophilic ions and negative for hydrophobic ions. For waternitrobenzene,6 we have ∆µiαβ /kB T = 13.6 for Na+ , 15.3 for Li+ , 26.9 for
Ca2+ , 11.3 for Br− , and 7.46 for I− as examples of hydrophilic ions, while
we have ∆µiαβ /kB T = −14.4 for BPh−
4 (tetraphenylborate) as an example
of hydrophobic ions. Thus, the solvent chemical potential µisol (ϕ) strongly
depends on the composition ϕ, as well as the dielectric constant ε(ϕ).
As another consequence, ∆µiαβ is an important parameter dramatically
inﬂuencing the nucleation process in polar ﬂuids with ions. That is, when
a polar ﬂuid in a less polar phase β is brought into a metastable state,
the solvation shell around an ion can serve as a seed of a critical droplet
of a more polar phase α.8 For water at T = 0.6Tc ∼
= 390 K, for example,
∆µiαβ /kB T can be of order 50 − 100 between gaseous water (phase β) and
liquid water (phase α).9 The nucleation barrier is much reduced in the
presence of ions.
The surface tension γ of a water-air interface has been examined extensively in the literature. Theoretically, Wagner10 found that ions in water
are repelled away from the interface by the image charges in air, leading to
an increase of the surface tension ∆γ > 0. Using Wagner’s idea, Onsager
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and Samaras11 obtained the limiting law for the excess surface tension,
∆γ = kB T nw DI [ln(1/DI κ) + EI ],

(1.5)

where DI = ℓBw /4 and EI is a dimensionless constant of order unity with the
Bjerrum length ℓBw = e2 /εw kB T being 7Å in room-temperature water. The
above expression is valid for κw ℓBw ≪ 1 and in the thin limit of the interface
width ξ. Levin and Flores-Mena12 argued that an ion-depletion layer is
formed due to the ﬁnite size of the solvation shell radius1 (even without
the image force). In these theories the interface thickness ξ is assummed
to be inﬁnitesimal. In our recent theory,4 the interface is diﬀuse and the
composition-dependent solvation interaction serves to repel hydrophilic ions
away from the interface (see discussions below Eq.(2.12)). Experimentally,
at not extreme dilution, the linear behavior
∆γ = T nw λs

(1.6)

has been measured,13–15 where λs is the eﬀective thickness of the iondepletion layer. For example, λs ∼ 3Å for NaCl, where the densities of
Na+ and Cl− are nw /2. For very dilute salts around 1 mM in aqueous solutions, Jones and Ray13 detected a small negative minimum in ∆γ, which
still remains an unsolved controversy.15,16 For water-oil interfaces, γ largely
decreases with addition of hydrophilic and hydrophobic ions,17 while the
linear law (1.6) holds for hydrophilic ion pairs. On the other hand, in the
presence of surfactants, γ decreases due to excess adsorption of the surfactant molecules on an interface.18
In this chapter, we explain some fundamental solvation eﬀects in a binary ﬂuid mixture on the basis of our recent work.3,4 Similar approaches
have also been proposed by other authors.16,19,20 We will assume that
the dielectric constant in the more polar phase is twice larger than that
in the less polar phase, so we will consider water-oil systems like waternitrobenzene (the dielectric constnt of nitrobenzene is about 36). In Section
2, we will present a Ginzburg-Landau approach to the molecular interactions between ions and solvent molecules. In addition to the solvation and
image interactions, we will propose a free energy contribution representing
the amphiphilic interaction between surfactant and solvent molecules. We
may then treat ionic surfactants and counterions which have charges and
aggregate at an interface reducing the surface tension. In Section 3, we will
calculate the composition structure factor and the ion interaction mediated
by the composition ﬂuctuations near the critical point of the mixture. They
can be strongly aﬀected even by a small amount of ions. In particular, we
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will discuss a mesophase with a charge density wave, which can appear for
large solvation asymmetry between cations and anions. In Section 4, we
will derive some fundamental relations on the equilibrium ion distributions
and the surface tension. We will study the case of three ion species. In
Section 5, we will give some numerical results on the ion distributions and
the surface tension in various cases.
1.2. Ginzburg-Landau theory
1.2.1.

Solvation interaction

Let us consider a polar binary mixture (water and oil) containing a small
amount of salt. The volume fraction of the more polar component is written
as ϕ. The other less polar component has the volume fraction 1 − ϕ. We
neglect the volume fractions of the ions in this chapter. The ion densities
are written as n1 , n2 , · · · . In our theory, we mostly suppose two ion species
with charges Q1 = Z1 e and Q2 = −Z2 e, but we will also treat more complex
cases in the presence of three ion species. In our scheme, ϕ, n1 , n2 , · · · are
smooth space-dependent variables coarse-grained on the microscopic level.
We present a Ginzburg-Landau scheme, where the interface thickness ξ is
supposed to be longer than the molecular size a.
The usual form of the free energy for a ﬂuid mixture containg a small
amount of ions is written as
[
]
∫
∑
C
ε(ϕ) 2
F0 = dr f0 (ϕ, T ) + |∇ϕ|2 +
E + kB T
ni ln(ni a3 ) . (2.1)
2
8π
i
As discussed in the ﬁrst section, we introduce the solvation free energy,3,4
∫
∑
Fsol = dr
ni µisol (ϕ).
(2.2)
i

The free energy density f0 is dependent on ϕ and T . For low molecularweight mixtures we may use the Bragg-Williams form,
f0 = a−3 kB T [ϕ ln ϕ + (1 − ϕ) ln(1 − ϕ) + χϕ(1 − ϕ)].

(2.3)

Our theory can be used also for polymer solutions and blends if we use the
Flory-Huggins form for f0 .18,21 We assume that the molecules of the two
ﬂuid components (the monomers for polymers) have a common volume a3 .
The χ is the interaction parameter dependent on T , whose critical value is
2 for the free energy density in Eq.(2.3). The second term in the brackets
of Eq.(2.1) is the gradient part, where we will set C = kB T χ/a in our
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numerical analysis.18 The third term is the electrostatic free energy with
E = −∇Φ being the electric ﬁeld. The electrostatic potential Φ satisﬁes
−∇ · ε(ϕ)∇Φ = 4πρ,

(2.4)

where ε is the composition-dependent dielectric constant and ρ is the charge
density. When there are only two species of ions, we have ρ = Z1 en1 −
Z2 en2 . The last term in F0 in Eq.(2.1) is the entropic contribution valid at
low ion densities.
We do not know the functional forms of ε(ϕ) and µi (ϕ). We assume the
linear composition dependence,
ε(ϕ) = εc + ε1 ψ,
µisol (ϕ) = µic − kB T gi ψ

(i = 1, 2).

(2.5)
(2.6)

where ψ = ϕ − ϕc is the deviation from the critical composition ϕc . Then
εc and µic are the critical values. We adopt these linear forms to obtain
the physical consequences in the simplest manner. Empirically, ε can be
approximated as a linear function of the composition in many mixtures
investigated so far.2,22 The ﬁrst term µic on the right hand side of Eq.(2.6)
is an irrelevant constant when the ion numbers are conserved quantities
without dissociation processes. It then follows the relation,
∆µiαβ = kB T gi ∆ϕ,

(2.7)

where ∆ϕ = ϕα − ϕβ is the composition diﬀerence. In aqueous mixtures,
the coupling constants gi are positive for hydrophilic ions and negative for
hydrophobic ions. The experimental values of the Gibbs transfer energy
for water-nitrobenzene6,7 suggest that the values of gi are typically of order
15 for monovalent hydrophilic ions and are even larger for multivalent ions
such as Ca2+ or Al3+ . For the hydrophobic anion BPh−
4 , it is about −15, on
the other hand. The resultant solvation coupling between the ions and the
composition is very strong. The Born formula in Eq.(1.1) gives (gi )Born =
i
Zi2 e2 ε1 /2kB T ε2c Rion
near the critical point, but we do not use it because
of the defect of the Born theory. We rather treat gi as free parameters
characterizing the strength of the solvation interaction.
1.2.2. Image interaction
Inhomogeneous dielectric constant ε gives rise to an image chemical potential Zi2 µim acting on each ion (which is proportional to the square
of its charge).4 We then construct the free energy contribution Fim =
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∫

∑
dr i µiim ni . Note that Fim originates from the discrete nature of
ions, while the electric ﬁeld Φ determined by Eq.(2.4) is produced by the
smoothly coarse-grained charge density ρ. Therefore,
the origin of Fim is
∫
diﬀerent from that of the electrostatic free energy drεE 2 /8π in Eq.(2.1).
In our previous work,4 assuming weak or moderate spatial variations of
ε, we derived the following integral form valid to frst order in ε1 ,
∫
µim (r) = dr ′ ∇′ I(r, r ′ ) · ∇′ ϕ(r ′ ),
(2.8)
where ∇′ = ∂/∂r ′ . If the boundary eﬀects are neglected, the function
I(r, r ′ ) depends only on the diﬀerence r − r ′ as
′

I(r, r ′ ) = B0 e−2κ|r −r | /|r − r ′ |2 ,

(2.9)

where B0 = e2 ε1 /8πε2c near the critical point and κ is the Debye-Hückel
′
wave number. The factor e−2κ|r −r | arises from the screening of the image
potential by the other ions, so the image interaction is weakened with increasing the ion density. In particular, around a planar interface, where all
the quantities vary along the z direction, it follows the following Cauchy
integral form,
∫
′
ε1
dz ′ e−2κ|z−z | dϕ(z ′ )
µim (z) = kB T Aa
.
(2.10)
εc
π z − z′
dz ′
We deﬁne the coeﬃcient A by
A = πe2 /4aεc kB T = πℓBc /4a

(2.11)

where ℓBc = e2 /εc kB T is the Bjerrum length at ε = εc . Around an interface, where κ varies signiﬁcantly, κ in Eq.(2.10) may be taken as the
space-dependent local value [4πe2 m(r)/ε(r)kB T ]1/2 or the bulk value in
the more polar phase. In our previous calculations of the surface tension4
there was no signiﬁcant diﬀerence in these two choices.
Let us consider the thin interface limit ξ → 0, where we set dϕ(z)/dz =
−∆ϕδ(z) with ∆ϕ = ϕα − ϕβ . Placing the interface at z = 0, we obtain
µim (z) ∝ e−2κ|z| /z for |z| ≫ ξ in agreement with the original expression
for the image potential.11,12 For ﬁnite ξ, µim changes from positive to
negative in the interface region |z| ∼
<ξ. In our theory µim (z) is negative in
the less polar phase β, where the ions are attracted to the interface. We
should clarify the condition in which the image interaction is important.
In the α region near an interface, it causes a signiﬁcant ion depletion for
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Zi2 µim (z)/kB T > 1 at |z| ∼ ξ where ξ is the interface thickness. From
Eq.(2.10) this condition is rewritten as
ξ < Zi2 ℓBc ε1 ∆ϕ/εc < κ−1
α .

(2.12)

If the two ions are both strongly hydrophilic (or if g1 and g2 take large
positive values), we may reproduce the formula (1.6) for ∆γ with DI =
aAε1 ∆ϕ/πεc .4 For ∆ϕ ∼ 1 and ε1 /εc ∼ 1, Eq.(2.12) becomes ξ/a <
Zi2 A < (aκα )−1 , where A is deﬁned by eq.(2.11).
For ﬁnite interface thickness ξ, hydrophilic ions are repelled from an
interface also due to the solvation interaction (due to the factor egi ϕ in
Eqs.(4.5) and (4.6) below for gi > 0). Thus, even in the absence of the
image interaction, a depletion layer of hydrophilic ions can be formed and
the linear behavior ∆γ ∝ nα still follows. To draw qualitative results, the
image interaction may be neglected for not very large A. See the discussions
around Eqs.(1.5) and (1.6).
1.2.3. Amphiphilic interaction
In our previous work,4 we calculated the ion distributions around an interface for simple structureless ions, including the solvation and image interactions. However, in many important applications, ions have an amphiphilic
character and are preferentially adsorbed onto an interface. Here, extending our previous theory, we calculate the ion distributions when the ﬁrst
ion species is a cationic surfactant. The second species constitutes anionic
counterions having no amphiphilic character.
We suppose a rod-like shape of the molecules of the ﬁrst species. The rod
length 2ℓ is considerably longer than a. We then introduce an amphiphilic
free energy,
∫
Fam = −kB T drn1 ln Zam ,
(2.13)
where Zam is the partition function of a rod-like dipole with its center at
the position r. It is given by the following integral on the surface of a
sphere with radius ℓ,
[
]
∫
1
Zam (r) =
dΩ exp − wa ϕ(r + ℓu) + wa ϕ(r − ℓu) ,
(2.14)
4π
∫
where the rod direction is along the unit vector u and dΩ represents
the integration over the angles of u. The two ends of the rod are at r +
ℓu and r − ℓu under the inﬂuence of the solvation potentials given by
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kB T wa ϕ(r + ℓu) and −kB T wa ϕ(r − ℓu), respectively. Our amphiphilic
interaction is characterized by ℓ and wa . When the rod length 2ℓ is longer
than the interface thickness ξ, a surfactant molecule can be trapped at an
interface with its hydrophilic (hydrophobic) end in the water-rich (waterpoor) region. The resultant chemical potential decrease is given by
ϵa = kB T wa ∆ϕ.

(2.15)

It is instructive to examine the case in which ϕ(r) varies slowly. If the
expansion ϕ(r + ℓu) − ϕ(r − ℓu) = 2ℓu · ∇ϕ + · · · is allowable, we obtain
2 2 2
w ℓ |∇ϕ|2 + · · · .
(2.16)
3 a
The free energy Fam then provides a gradient contribution, so it may be
combined with the original one (∝ C) in the total free energy. The new
gradient term is of the form Ceﬀ |∇ϕ|2 /2 with23
ln Zam =

4
Ceﬀ = C − kB T wa2 ℓ2 n1 = C(1 − n1 /n1L ).
3
We notice the presence of a Lifshitz point at n1 = n1L with
n1L =

3C
.
4(ℓwa )2 kB T

(2.17)

(2.18)

For n1 > n1L , a homogeneous electrolyte solution should be unstable at a
ﬁnite wave number (see Eq.(3.3)), leading to a mesophase. If C ∼ kB T /a,
we have a3 n1L ∼ (a/ℓwa )2 , so n1L can be very small for large wa ≫ 1.
The above gradient expansion is invalid around an interface far from the
critical point or for ξ ∼
<2ℓ. We should examine the behavior of Zam around
a strongly segregated interface. In the one-dimensional (1D) case, where
all the quantities vary along the z axis, Zam in Eq.(2.14) is simpliﬁed into
the following 1D integral,
[
]
∫
1 ℓ
Zam (z) =
dζ exp − wa ϕ(z + ζ) + wa ϕ(z − ζ) ,
(2.19)
2ℓ −ℓ
where we have replaced ϕ(r ± ℓu) by ϕ(z ± ζ) with ζ = ℓuz . This form
indicates that the adsorption should be signiﬁcant for wa ∆ϕ = ϵa /kB T ≫ 1.
We assume this condition in the thin interface limit ξ ≪ ℓ for simplicity.
The integrand in Eq.(2.19) can be large (= ewa ∆ϕ ) only if the interface is
located between z + ζ and z − ζ. With the interface being placed at z = 0,
we ﬁnd
Zam = 1 + (1 − |z|/ℓ)[cosh(wa ∆ϕ) − 1]

(2.20)
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for |z| < ℓ, while Zam ∼
= 1 for |z| > ℓ. In the thin interface limit, we
estimate the surfactant adsorption at the interface per unit area as
Γ1 = (n1α + n1β )ℓ[cosh(wa ∆ϕ) − 1]/2,

(2.21)

where the image interaction is neglected. The n1α and n1α are the bulk
surfactant densities far from the interface. As a result, the surface tension
γ decreases by 2kB T Γ1 from the Gibbs formula (see Eq.(4.25)), where the
factor 2 accounts for the counterions. For wa ∆ϕ ≫ 1, the decrease of
−wa ∆ϕ
γ is considerable for n1α >
/a2 ℓ where we assume γ ∼ kB T /a2
∼e
without surfactant. It is worth noting that the proportionality relation
Γ1 ∝ n1α eϵa /kB T for dilute surfactants was ﬁrst found by Traube in his
experiment.24
1.3. Structure factor of composition and interactions among
ions in one-phase states
In our previous papers,3,4 we examined the structure factor S(q) = ⟨|ϕq |2 ⟩ of
the composition ﬂuctuations with wave number q in one-phase states. Here
we consider a binary mixture near the critical point with a small amount of
two ion species. As a generalization, we use the Flory-Huggins free energy
density for f0 in Eq.(2.1) and include the amphiphilic interaction. We
shall see that the ion-solvent interaction can strongly aﬀect the composition
ﬂuctuations and the interaction among ions. We may neglect the image
interaction near the critical point.
1.3.1. Composition ﬂuctuations and mesoscopic phase
We consider small plane-wave ﬂuctuations with wave vector q in a homogeneous one-phase state near the critical point, where the inhomogeneity
in the dielectric constant may be neglected (ε = εc ). The ﬂuctuation contributions to F in the bilinear order are written as
«–
∑ [1
∑ „ |niq |2
2π
2
∗
δF =
(r̄ + Ceﬀ q 2 )|ϕq |2 +
|ρ
|
+
k
T
−
g
n
ϕ
q
B
i
i
q
q ,
εc q 2
2ni
q 2
i=1,2
(3.1)
where ϕq , niq , and ρq are the Fourier components of ϕ(r), ni (r), and ρ(r) =
e[Z1 n1 (r) − Z2 n2 (r)], respectively. The image interaction is neglected.
The ni in the last term of Eq.(3.1) are the average ion densities satisfying
Z1 n1 = Z2 n2 from the overall charge neutrality. We use the Flory-Huggins
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free energy (only in this subsection) to calculate the coeﬃcient r̄ as
[
]
∂ 2 f0
kB T
1
1
r̄ =
=
+
−
2χ
(3.2)
∂ϕ2
a3 N1 ϕ N2 (1 − ϕ)
where N1 and N2 are the polymerization indices of the two components.
The previous results3,4 can be obtained for N1 = N2 = 1. If the
ﬁrst ion species is a cationic surfactant, the coeﬃcient of the gradient
term becomes Ceﬀ in Eq.(2.17), which is assumed to be positive here.
We minimize δF with respect to niq to obtain the free energy change
P
2
δF =
q kB T |ϕq | /S(q), where S(q) is the composition structure factor.
Some calculations give
[
]
γp2 q 2
kB T
= r̄ − ∆rion + Ceﬀ q 2 1 − γp2 + 2
,
(3.3)
S(q)
κ + q2
where κ = [4π(Z12 n1 +Z22 n2 )e2 /εc kB T ]1/2 is the Debye-Hückel wave number
and ∆rion is a constant shift of r̄. From Eq.(3.2) we may deﬁne the ioninduced shift of χ by
= ∆rion a3 /2kB T
χion
c
= (Z2 g1 + Z1 g2 )2 a3 n/2(Z1 + Z2 )2 .

(3.4)

where n = n1 +n2 . In our problem there appears a dimensionless parameter
γp representing the ion asymmetry,
γp = (kB T /4πCeﬀ ℓBc )1/2 |g1 − g2 |/(Z1 + Z2 )
√
= |g1 − g2 |/[4(Z1 + Z2 ) χA(1 − n1 /niL )],

(3.5)

2

where ℓBc = e /εc kB T is the Bjerrum length at ε = εc . The second line
of eq. (3.5) follows for the present choice C = kB T χ/a2 , where A and
n1L are deﬁned by Eq.(2.11) and Eq.(2.18), respectively. Note that γp is
independent of the ion density and increases with increasing the amphiphilic
strength wa from Eq.(2.17).
If γp < 1, S(q) is maximum at q = 0 and we predict the usual phase
transition in the mean ﬁeld theory. In terms of the shift in Eq.(3.4) the
spinodal χ = χsp (ϕ, n) is given by
χsp =

1
1
+
− χion
c .
2N1 ϕ 2N2 (1 − ϕ)

(3.6)

The critical value of χ at given n, denoted by χc (n), is the minimum of χsp
1/2
1/2
1/2
with respect to ϕ and is equal to χsp at ϕ = N2 /(N1 + N2 ). Thus,
χc =

1
1/2
1/2
(N
+ N2 )2 − χion
c .
2N1 N2 1

(3.7)
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For N1 = N2 = 1 we have χc = 2 − χion
c . See Eqs.(5.1) and (5.2) and
the right panel of Fig. 5 for the critical behavior below the transition
(χ > χc ). If we set r̄ = a0 (T − Tc0 ) at the critical composition, the critical
temperature shift becomes ∆Tion = ∆rion /a0 , where a0 is a constant and
Tc0 is the critical temperature in the absence of ions. For the monovalent
case we ﬁnd ∆Tion ∼ kB Tc (g1 + g2 )2 n/4a0 , where the factor (g1 + g2 )2 can
be very large (∼ 100). This result is consistent with previous experiments
of binary mixtures with salt,26–28 where the coexistence curve has been
observed to shift greatly with doping of small amounts of hydrophilic ions.
If γp > 1, the structure factor S(q) attains a maximum at an intermediate wave number qm given by
qm = (γp − 1)1/2 κ.

(3.8)

The maximum of S(q) is written as S(qm ) = kB T /(r̄ − rm ) with
rm = ∆rion + Ceﬀ (γp − 1)2 κ2 ,

(3.9)

where we assume r̄ > rm . For r̄ < rm , a charge-density-wave phase should
be realized. As long as γp > 1, this mesoscopic phase appears even for very
small ion densities. For electrolytes, a mesoscopic phase was ﬁrst predicted
by Nabutovskii et al.,29 who assumed the bilinear coupling ρϕ between the
charge density ρ and the composition ϕ in the free energy. Recently, in their
small-angle neutron scattering experiment, Sadakane et al.30 found periodic structures in a binary mixture of D2 O-trimethylpyridine containing
sodium tetrarphenylborate (NaBPh4 ), where the scattered neutron intensity exhibited a peak at q ∼ 0.1/Å. Since this salt is composed of strongly
hydrophilic and hydrophobic ions, we expect that the condition γp > 1
should have been satisﬁed. See the right panel of Fig. 5 for the ion distributions in such a case.
In polyelectrolytes, electric charges are attached to polymers and the
structure factor of the polymer takes a form similar to that in Eq.(3.3),
leading to a mesophase at low temperatures, in the Debye-Hückel approximation.31,32 In our theory, even a polymer solution consisting of neutral
polymers and a polar solvent can exhibit a charge-density wave phase in
the presence of a small amount of salt. This would explain a ﬁnding of
a peak at an intermediate wave number in the scattering amplitude in
polyethylene-oxide solutions with salt.33
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1.3.2. Eﬀective interaction among charged particles
In a homogeneous phase with γp < 1, we may eliminate the composition ﬂuctuations in F assuming their Gaussian distributions and setP
ting (r̄ + Ceﬀ q 2 )ϕq = kB T i gi niq . We then obtain attractive interactions
among the ions mediated by the composition ﬂuctuations. The resultant
free energy of ions is written as
∫
∫ ∫
∑
∑
1
Fion = dr
kB T ni ln(ni a3 ) +
dr dr ′
Vij (|r − r ′ |)δni (r)δnj (r ′ ),
2
i
i,j
(3.10)
where the deviations δni = ni − ⟨ni ⟩ need not be small. The eﬀective
interaction potentials Vij (r) are expressed as
Vij (r) = Qi Qj

1
(kB T )2
e−r/ξ
−
gi gj
,
εc r
4πCeﬀ
r

(3.11)

where Q1 = Z1 e and Q2 = −Z2 e are the ion charges and ξ = (Ceﬀ /r̄)1/2
is the correlation length. Among the ions of the same species (i = j), the
second attractive term dominates over the ﬁrst Coulomb repulsive term in
the range a ∼
<r ∼
<ξ when
gi2 > 4πCeﬀ Zi2 e2 /εc (kB T )2 .

(3.12)

The right hand side is of order 4πZi2 (1 − n1 /n1L )ℓBc /a for low molecularweight mixtures. Under the condition (3.12) there should be a tendency of
aggregation of ions. This eﬀect might explain a number of observations of
micro-heterogeneities in near-critical binary mixtures containing salt.34,35
It is also of great interest how charged colloid particles interact in polar
solvent. There can be an attractive interaction among them in the presence of ion-composition or ion-polarization coupling. Such theory will be
reported shortly.
1.4. Equilibrium conditions in one-dimensional cases and
surface tension
We consider the equilibrium conditions around an interface in our system.
The total free energy is the sum,
F = F0 + Fsol + Fim + Fam .

(4.1)

We deﬁne the chemical potentials µi = δF/δni (i = 1, 2, · · · ) of the ions and
the chemical potential diﬀerence h = δF/δϕ of the mixture. In equilibrium,
these quantities are homogeneous constants.
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1.4.1. Two species of ions
First we assume the presence of two species of ions. Some calculations yield
µ1 = kB T [ln c1 + 1 + Z1 U − g1 ψ − ln Zam ] + Z12 µim ,

(4.2)

µ2 = kB T [ln c2 + 1 − Z2 U − g2 ψ] +

(4.3)

Z22 µim ,

where ψ = ϕ − ϕc . If the ﬁrst ion species has no amphiphilic character,
we should set Zam = 1. The µim is given by Eq.(2.10) in the 1D case.
Here we equate the functional derivatives δFim /δni with Zi2 µim in Eq.(2.10)
neglecting the ion-density dependence of κ. To get simpler expressions, we
introduce normalized ion densities and potential by
c1 = a3 n1 ,

c2 = a3 n2 ,

U = eΦ/kB T.

(4.4)

Note that the ion sizes can be diﬀerent from the size of the solvent molecules
a. For example, the density of 10 mM salt is n = 6 × 1018 cm−3 . If a = 3Å,
the normalized density c = a3 n is equal to 1.6 × 10−4 . The equilibrium ion
densities are now expressed as
c1 = c10 Zam exp[−Z1 U + g1 ψ − Z12 µim /kB T ],

(4.5)

c2 = c20 exp[Z2 U + g2 ψ −

(4.6)

Z22 µim /kB T ],

where c10 and c20 are constants. Some calculations also give h in the form,
ε1 2
h = f0′ (ϕ) − C∇2 ϕ −
E − kB T (g1 n1 + g2 n2 ) + him + ham ,
(4.7)
8π
where f0′ = ∂f0 /∂ϕ and the third term (∝ E 2 ) is the functional derivative
of the electrostatic energy with respect to ϕ.4 The ham = δFam /δϕ is
the contribution from the amphiphilic interaction. In the 1D case, him is
given by the right hand side of Eq.(2.10) with dψ(z ′ )/dz ′ being replaced by
∑ 2
′
′
i Zi dni (z )/dz , while ham is expressed as
[
]
∫
ham (z)
wa ℓ
wa [ϕ(z+2ζ)−ϕ(z)]
wa [ϕ(z)−ϕ(z+2ζ)]
=
dζX(z + ζ) e
−e
. (4.8)
kB T
2ℓ −ℓ
Here we deﬁne X(z) = n1 (z)/Zam (z).
In the 1D case, the charge neutrality should be satisﬁed as z → ±∞. If
ϕ → ϕα as z → −∞ and ϕ → ϕβ as z → ∞, Eqs.(4.2) and (4.3) yield the
general relations (1.3) and (1.4). Under Eq.(2.6) they are rewritten as
g1 − g2
∆ϕ,
(4.9)
e(Φα − Φβ ) = kB T
Z1 + Z2
[
]
n1β
n2β
Z2 g1 + Z1 g2
=
= exp −
∆ϕ ,
(4.10)
n1α
n2α
Z1 + Z2
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where ∆ϕ = ϕα − ϕβ . The image and amphiphilic interactions vanish far
from the interface and do not aﬀect the above relations.
1.4.2. Three species of ions
Performing x-ray reﬂectivity measurements, Luo et al.36 measured the ion
distributions in the vicinity of an interface in water-nitrobenzene. They
added two salts, tetrabutylammonium tetraphenylborate (TBA-TPB) and
tetrabutylammonium bromide (TBA-Br). Then they realized a two-phase
state with hydrophilic anion Br− , hydrophobic cation TBA+ , and hydrophobic anion TPB− . They detected strong accumulation or depletion
of the ions on the two sides of the interface, which suggest a crucial role of
the ion-solvent interactions dependent on the ion and solvent species. In
our scheme, numerical analysis is needed to calculate such complicated ion
distributions, as will be exempliﬁed in Fig. 6 below.
Here we examine how the potential diﬀerence ∆Φ in Eq.(1.3) is related
to the bulk ion densities for three ion species.6 Let them have charges,
Q1 = eZ1 , Q2 = −eZ2 , and Q3 = −eZ3 . If the anions 2 and 3 have no
amphiphilic character, the normalized density of the third species c3 = a3 n3
is given in the form of Eq.(4.6) if the subscript 2 is replaced by 3. Again, α
and β denote the more polar (water-rich) phase and the less polar (waterpoor) phase, respectively. To avoid cumbersome notation, we deﬁne the
normalized chemical potential diﬀerences νi = ∆µiαβ /kB T (i = 1, 2, 3) and
normalized potential diﬀerence ∆U = e(Φα − Φβ )/kB T . Then,
c1β
c2β
c3β
= eZ1 ∆U −ν1 ,
= e−Z2 ∆U −ν2 ,
= e−Z3 ∆U −ν3 ,
(4.11)
c1α
c2α
c3α
where νi = gi ∆ϕ with ∆ϕ = ϕα − ϕβ . The charge neutrality conditions are
Z1 c1α = Z2 c2α + Z3 c3α and Z1 c1β = Z2 c2β + Z3 c3β in the bulk two phases.
Im terms of the ion densities in the α phase, it follows the equation for ∆U
in the form,
(Z2 c2α + Z3 c3α )eZ1 ∆U −ν1 = Z2 c2α e−Z2 ∆U −ν2 + Z3 c3α e−Z3 ∆U −ν3 . (4.12)
In the monovalent case Z1 = Z2 = Z3 = 1, the above equation is simpliﬁed
to
e2∆U = (c2α eν1 −ν2 + c3α eν1 −ν3 )/(c2α + c3α ),

(4.13)

which reduces to the expression (1.3) (independent of c2α ) for c3α = 0.
However, in the experiment,36 the third species (TPB− ) was strongly
hydrophobic such that c3α ≪ c3β was realized, while the second species
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(Br− ) was hydrophilic. Supposing such cases, let us assume g2 > 0 and
g3 < 0 and choose c2α and c3β as control parameters. If we set
X = exp[∆U − (ν1 − ν2 )/2],

(4.14)

Eq.(4.1) becomes a cubic equation,
X − X −1 = 2R[1 − X 2 eν3 −ν2 ].

(4.15)

R = e(ν1 +ν2 )/2 c3β /2c2α .

(4.16)

where we deﬁne
2 ν3 −ν2
We may
≪ 1 for large |g3 | ≫ 1 to obtain X ∼
=
√ well assume X e
2
R + 1 + R or
√
e
1
∆Φ ∼
(4.17)
= (ν1 − ν2 ) + ln(R + 1 + R2 ),
T
2
If ν1 + ν2 ≫ 1, we readily reach the regime R ≫ 1 even at small c3β , where
X∼
= 2R and X 2 eν3 −ν2 ∼
= (c3β /c2α )2 eν1 +ν3 . That is, we ﬁnd

∆U ∼
= ν1 + ln(c3β /c2α ),

(4.18)

for e−(ν1 +ν2 )/2 ≪ c3β /c2α ≪ e−(ν1 +ν3 )/2 . In this case, c1α ∼
= c2α , c1β ∼
= c3β ,
ν
+ν
2
−(ν
+ν
)
2
c2β ∼
= e 1 3 c3β /c2α ≪ c2α .
= e 1 2 c2α /c3β ≪ c3β , and c3α ∼
1.4.3. Surface tension
As stated in Section 1, the surface tension γ of a water-air interface has
been observed to increase with increasing the amount of small hydrophilic
ions in water. However, for a pair of hydrophilic and hydrophobic ions,
it can decrease with increasing the salt density even without amphiphilic
interaction (see the right panel of Fig. 5).4 It is well-known that the surfactant molecules accumulate at the interface and γ decreases with increasing
the surfactant density.18 We here examine the behavior of γ for the case
γp < 1, where γp is the asymmetry parameter deﬁned by Eq.(3.5).
To calculate γ we introduce the grand potential by
∫
∫
∑
Ω = drω = F − dr(hϕ +
µi ni ).
(4.19)
i

For given constant h, µ1 , µ2 , · · · , Ω is minimized as a functional of ϕ, n1 ,
n2 , · · · in equilibrium, yielding Eqs.(4.2), (4.3), and (4.7). In our system
the grand potential density ω is expressed as
ω = f0 (ϕ) +

ε 2
C
|∇ϕ|2 − hϕ − kB T n − ρΦ +
E ,
2
8π

(4.20)
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∑
where n = i ni . Use has been made of Eqs.(4.2) and (4.3) to eliminate
µi . We suppose a planar interface perpendicular to the z axis; then, ω(z)
should tend to a common constant ω∞ as z → ±∞. To show this, we
calculate the space derivative,
[
] ∑
d
dµim
dµam
′ 2
ω − C(ψ ) + ρΦ =
ni Zi2
+ n1
− (him + ham )ψ ′ , (4.21)
dz
dz
dz
i
where ψ ′ = dψ/dz and µam = −kB T ln Zam (see Eq.(2.19)). The him and
ham are deﬁned by Eqs.(4.7) and (4.8). Note that Fim and Fam are invariant
with respect to a small displacement δζ of the interface position or with
respect to the change of ψ and ni to ψ − ψ ′ δζ and ni − n′i δζ, respectively,
where n′i = dni /dz. Then we ﬁnd
∫
∫
∑
dz[him ψ ′ +
µiim n′i ] = 0,
dz[ham ψ ′ + µam n′1 ] = 0,
(4.22)
i

where we have pushed the lower and upper bounds of the integrals to ∓∞.
Owing to these relations, the z integration of the right hand side of Eq.(4.21)
vanishes, leading to ω(z)
∫ → ω∞ as z → ±∞. It is convenient to express
the surface tension γ = dz[ω(z) − ω∞ ] as
[
] ∫
∫
C
ε(ϕ) 2
2
γ = dz f0 (ϕ) + |∇ϕ| − kB T n − hϕ − Cα − dz
E , (4.23)
2
8π
where Cα = f0 (ϕα ) − kB T nα − hϕα and
h = [f0 (ϕα ) − f0 (ϕβ ) − kB T (nα − nβ )]/∆ϕ

(4.24)

with nα and nβ being the bulk values of n and the integrand of the ﬁrst
term vanishes as z → ±∞. ∫From Eq.(2.4) the electric ﬁeld is expressed as
−1 z
′
E(z)
dz ′ ρ(z ′ ). There should be no net charge or
−∞
∫ ∞ = −Φ (z) = 4πε(z)
dzρ(z) = 0 around the interface if E(z) → 0 far from the interface.
−∞
Away from the ion-induced critical point, we are interested in the excess
surface tension ∆γ = γ − γ0 , where γ0 is the surface tension without ions.
Let ϕ(z) → ϕ0 (z) and h → h0 as n → 0. We expand ω(z) in Eq.(4.20) with
respect to the deviation δϕ = ϕ − ϕ0 . Neglecting the terms of order (δϕ)2 ,
we obtain h − h0 ∼
= −kB T (nα − nβ )/∆ϕ and4
∫
ε(ϕ) 2
∼
∆γ = −kB T Γ − dz
E ,
(4.25)
8π
where Γ is the adsorbed ion density deﬁned by
∫ ∞
∫ zint
dz[n(z) − nβ ].
dz[n(z) − nα ] +
Γ=
−∞

zint

(4.26)
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The interface position zint is determined by the Gibbs construction,25
∫ L
ϕα zint + ϕβ (L − zint ) =
dzϕ(z),
(4.27)
0

in a ﬁnite system in the region 0 < z < L with L ≫ ξ. In Eq.(4.25)
the lower and upper bounds far from the interface are pushed to inﬁnity.
If the last term in Eq.(4.25) is neglected, we obtain the Gibbs equation
∆γ = −kB T Γ at relatively low adsorption.25 The adsorbed density Γ
can be much enhanced for surfactants, while it is negative for low-density
hydrophilic ions at an water-air interface.
The last negative term in Eq.(4.23) or Eq.(4.25) arises from the last two
terms in Eq.(4.20), which is written as γe . In all the examples in our previous work,4 it was at most a few percents of ∆γ. To roughly estimate it, let
us employ the Poisson-Boltzmann equation dU (z)2 /dz 2 = κ2β sinh(U (z) −
Uβ ) in the region z > zint and dU (z)2 /dz 2 = κ2α sinh(U (z) − Uα ) in the
region z < zint , where κα and κβ are the Debye-Hückel wavenumber. Here
we take the thin interface limit ξ → 0 and neglect the image potential.
We impose the continuity of U and εdU/dz at the interface. Then γe is
approximated by the Poisson-Boltzmann result,
[
]
nα √
PB
2
γe = −2kB T
1 + b + 2b cosh(∆U/2) − 1 − b ,
(4.28)
κα
where b = εβ κβ /εα κα = (εβ nβ /εα nα )1/2 , with εα and εβ being the dielectric constants in the bulk phases, and ∆U = Uα −Uβ = (g1 −g2 )∆ϕ/2 is the
normalized potential diﬀerence. Here γePB = 0 for g1 = g2 , so we assume
(g1 −g2 )∆ϕ > 1. Typical behaviors of γePB in the monovalent case are as follows. (i) If g1 and g2 are both considerably larger than unity with g1 > g2 ,
we have b ∼ e−(g1 +g2 )∆ϕ/4 ≪ 1 and be∆U/2 = e−g2 ∆ϕ/2 ≪ 1, so that
a2 |γePB |/kB T ∼ aκα e−g2 ∆ϕ/2 /A ≪ 1, where A is deﬁned by Eq.(2.11). This
result is consistent with our previous results.4 (ii) In the case g1 = −g2 ≫ 1,
we have ∆U = g1 ∆ϕ and b ∼ 1. Then a2 |γePB |/kB T ∼ aκα eg1 ∆ϕ/4 /A grows
with increasing g1 . This case will be numerically examined in the right panel
of Fig. 2.
1/2
Note the relation γePB ∝ nα , leading to the square root dependence
of ∆γ at low ion densities. In Fig. 5, we shall see this dependence for
hydrophilic and hydrophobic ion pairs. On the other hand, for hydrophilic
pairs, we propose the following form,
∆γ/T ∼
= −As (nα /ℓBα )1/2 + λs nα ,

(4.29)
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where ℓBα is the Bjerrum length in the α phase, The coeﬃcient As is small,
while the second term is of the well-known form accounting for the ion
depletion. With this form, ∆γ should exhibit a small minimum given by
(∆γ)min = −T λs nm

(4.30)

at n = nm = (As /2λs )2 /ℓBα . As an example, let the ion concentration
giving this minimum be 1 mM in the water-rich phase. Then we obtain
As = 1.2 × 10−2 by setting λs = 3Å and ℓBα = 7Å.
For water-air interfaces, Jones and Ray13 found a negative minimum
in ∆γ of order −10−4 γ0 . We notice that their data can well be ﬁtted to
Eq.(4.29) with As ∼ 10−2 . However, we have assumed appreciable ion
densities even in the less polar β region. That is, our one-dimensional
calculations are justiﬁed only when the screening length κ−1
β in the β region
is much shorter than any characteristic lengths in experiments, which are
the inverse curvature of the meniscus or the wavelength of capillary waves,
for example. In the literature10–12,16 ions are treated to be nonexistent in
the air region, so we do not still understand the Jones-Ray eﬀect.
1.5. Numerical results of ion distributions
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Fig. 1.1. Composition ϕ(z) (left) and normalized electric potential U (z) (right) on approaching the criticality as χ = 2, 1.95, and 1.92 with c1α c1β = 10−4 . The ions are both
hydrophilic with g1 = 4 and g2 = 2. The critical value of χ is 1.91 from Eq.(3.7).

In the one-dimensional geometry, we display equilibrium proﬁles of the
composition and the ion densities and calculate the surface tension for various parameter values. In the monovalent case, we set A = 4 (except in the
left panel of Fig.4) and ϵ1 /ϵc = 0.8. The dielectric constant of the α phase
is twice larger than that of the β phase at χ = 3, so the inhomogeneity
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Fig. 1.2. Normalized ion density c1 (z) (left) and normalized charge density c1 (z)−c2 (z)
(multiplied by 104 ) (right) with varying χ with the same parameter values as in Fig. 1.
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Fig. 1.3. Left: Normalized excess surface tension a2 ∆γ/kB T versus c1α , obeying
Eq.(1.6). Right: Normalized surface tension a2 γ/kB T as a function of χ. It tends
to zero as χ → χc . The two ion species are both hydrophilic in these cases.

of the dielectric constant is rather mild. The condition γp < 1 is satisﬁed
in all the examples (see the discussion around Eq.(3.5)). In the following
ﬁgures, we give proﬁles along the z axis, where the α phase is on the left
and the β phase is on the right.
1.5.1. Including solvation and image interactions
We ﬁrst assume no amphiphilic interaction. In Fig. 1, we show the composition ϕ(z) and the normalized electric potential U (z) = eΦ(z)/kB T (taken
to be zero in the α phase) near an interface for three values of χ with g1 = 4
and g2 = 2, where we ﬁx the product c1α c1β = 10−4 . As χ is decreased
with γp < 1, we approach the critical point dependent on the salt den-
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Fig. 1.4. Normalized ion density n(z)/nα , composition ϕ(z), and image factor Ima(z)
for χ = 3, g1 = 10, g2 = 5, and c1α = 2.1 × 10−5 (left) and for χ = 2.3, g1 = 4,
g2 = 2, and c1α = 10−3 (right). The gray regions correspond to the two terms in Γ in
Eq.(4.26). From the curves of Ima(z), the image interaction serves to repel the ions from
the interface on the left, while it is not important on the right.
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Fig. 1.5. Left: Normalized ion densities, where χ = 3, A = 4, g1 = −g2 = 10, and c1α =
c1β = 2 × 10−4 . For this hydrophilic and hydrophobic ion pair, a microphase separation
forming a large electric double layer is apparent. Right: a2 ∆γ/T and a2 ∆γ1 /T as
functions of c1α , where γ1 is the ﬁrst term in Eq.(2.23) and ∆γ1 R= γ1 − γ0 is very close
to −Γa2 . This shows that the electrostatic part γe = γ − γ1 = − dzεE 2 /8π dominates
over ∆γ1 ∼
= −kB T Γ.

sity, as discussed in Section 3. The critical value of χ is given by Eq.(3.7).
The electric potential jump is given by Eq.(4.9). In Fig. 2, we display
the ion density c1 (z) and the normalized charge density c1 (z) − c2 (z). The
ion densities are reduced in the β phase as in Eq.(4.10). We can see that
an electric double layer at the interface diminishes as the critical point is
approached. It is convenient to choose n̄ ≡ (nα nβ )1/2 (= 2(c1α c1β )1/2 /a3
in the monovalent case) in two phase states as the parameter representing
the degree of ion doping.4 Over a rather wide parameter region, the bulk
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Fig. 1.6. Left: Normalized ion densities c1 (z), c2 (z), and c3 (z) in the presence of three
ion species with g1 = g2 = 10 and g3 = −13. The second species does not penetrate into
the β region. Right: Those for g1 = −10, g2 = 12, and g3 = −13 on a semi-logarithmic
scale, resembling to those in the experiment.36 The third species does not penetrate into
the α region.

concentrations in the two phases are expressed as
1
1
1
(ϕα + ϕβ ) − ∼
[(g1 Z2 + g2 Z1 )/(Z1 + Z2 )]3 a3 n̄,
=
2
2
32

(5.1)

∆ϕ = ϕα − ϕβ ∼
= [3(χ − χc )/2]1/2 ,

(5.2)

where use has been made of the Landau expansion of the free energy density f0 in Eq.(2.3). The ﬁrst line is the shift of the critical composition.
The second line is the usual mean ﬁeld expression for the average order
parameter diﬀerence. These relations are consistent with Figs. 1 and 2.
The surface tension γ can be calculated numerically from Eq.(4.23) using
Eq.(4.24). In Fig.3, we show the excess surface tension ∆γ = γ − γ0 versus
c1α when the two ion species are both hydrophilic, in accord with the
experiments.13–15 Without ions, we ﬁnd a2 γ0 /kB T = 0.498, 0.103, and
0.0773 for χ = 3, 2.3, and 2.05, respectively. Though these γ0 values are
very diﬀerent, ∆γ increases roughly linearly with increasing the ion density.
The right panel of Fig. 3 displays the surface tension γ itself for three cases,
where the interface is located at the middle of the cell and the space average
⟨c1 ⟩ is ﬁxed. For each curve the critical value χc is given by Eq.(3.7) and
γ tends to zero as χ → χc .
We illustrate how the two terms in Eq.(4.26) can be interpreted graphically, where the two ion species are both hydrophilic and the electrostatic
term, the third term in Eq.(4.25), is negligible. We also demonstrate relevance of the image interaction at small ion densities. In Fig. 4, we display
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the normalized ion density n(z)/nα , the composition ϕ(z), and the image
factor deﬁned by
Ima(z) = exp[−µim (z)/kB T ],

(5.3)

in the monovalent case. This factor appears in c1 and c2 in Eqs.(4.5) and
(4.6). In Fig. 4, the areas of the left and right gray regions multiplied by nα a
are equal to the ﬁrst term and the minus of the second term in Eq.(4.26),
respectively. The ion density n(z) is shifted to the left of the interface at
z = zint (∼
= 50a). This means that the ions are repelled from the interface
in the α phase. We furthermore mention detailed characteristic features.
(i) In the left panel, we set χ = 3, c1α = 2.1 × 10−5 , g1 = 10, g2 = 5, and
A = 10, where the ion density is very small and 1/2κα = 6.7a is rather long.
The ﬁrst term of Eq.(4.26) is 103.5% of the total a2 ∆γ/kB T = 7.32c1α .
The formula (1.6) can be used in this example. See the discussion around
Eq.(2.12). (ii) In the right panel, we set χ = 2.3, c1α = 10−3 , g1 = 4,
g2 = 2, and A = 4, where the ion density is relatively large and the ion
reduction factor in Eq.(4.10) (∼ e−1.8 ) is not very small. The ﬁrst term
in Eq.(4.26) is then 158% of the total ∆γ/kB T = 2.03a−2 c1α . In this case
Ima(z) ∼
= 1 at any z, so the image interaction is not important.
The ion distributions for a pair of strongly hydrophilic and hydrophobic
ions are very singular. In the left panel of Fig. 5, we show c1 (z)
√ and c2 (z) for
with g1 = −g2 = 10 at χ = 3, where Eq.(3.5) gives γp = 5/4 3 < 1. Notice
that c1α and c1β coincide from Eq.(4.10) and is set equal to 2 × 10−4 . Here
∆γ = −0.041T a−2 and Γ = 0.014a−2 . We can see a marked growth of the
electric double layer and a deep minimum in the ion density c1 + c2 at the
interface position. In our previous work,4 we obtained milder ion proﬁles
for g1 = −g2 = 4. In the right panel of Fig. 5, we examine how ∆γ = γ −γ0
and ∆γ1 = γ1 − γ0 are decreased with increasing c1α for g1 = −g2 = 10,
where γ1 is the ﬁrst term on the right hand side of Eq.(4.23). We notice
1/2
the following. (i) The changes ∆γ and ∆γ1 are both proportional to c1α
1/2
at small c1α . Here |∆γ|/c1α is of order unity, so ∫∆γ is appreciable even for
very small c1α . (ii) The electrostatic part γe = − dzεE 2 /8π is known to be
important in this case from comparison between ∆γ1 and ∆γ = ∆γ1 + γe .
(iii) We conﬁrm that the modiﬁed Gibbs relation ∆γ1 ∼
= −kB T Γ holds
excellently.
In Fig. 6, we display the ion distributions in the presence of three ion
species in the monovalent case with Q1 = e, Q2 = −e, and Q3 = −e.
Since the absolute values of gi are taken to be large, we can see steep
and complex variations of the ion distributions around the interface. In
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the left panel, the ﬁrst and second species are both hydrophilic but the
third one is hydrophobic as g1 = g2 = 10 and g3 = −13, where χ = 3,
e(Φα −Φβ )/T = 7.92, and γ = 0.446T /a2 . This is the case discussed around
Eqs.(4.17) and (4.18), since X 2 e(g3 −g2 )∆ϕ = 1.5 × 10−2 and R = 2.7 × 103 .
In the right panel, the ﬁrst and third species are hydrophobic but the
second species is hydrophilic as g1 = −10, g2 = 12, and g3 = −15, where
χ = 3.2, e(Φα − Φβ )/T = 7.01, and γ = 0.600T /a2 (with γ0 = 0.620T /a2 ).
The ion distributions in this latter case can be compared with those in the
experiment by Luo et al.,36 so the curves are written on a semilogarithmic
scale as in their paper. The adopted parameter values are inferred from
their experimental data.
1.5.2. Including amphiphilic interaction in addition to solvation and image interactions
We give numerical results including the amphiphilic interaction in addition
to the solvation and image interactions. We set 2ℓ = 5a and change wa . In
Fig. 7, we show c1 , c2 , and U with wa = 12 for two ion densities, c1α = 10−3
and 2 × 10−3 . The other parameter values are χ = 3, g1 = 4, and g2 = 8,
so the counterions are more strongly repelled from the interface into the
α phase. We can see marked adsorption of the ions at the interface. For
niα ≥ niβ we deﬁne the areal densities of adsorbed ions by
∫
>
Γi =
dz[ni (z) − niα ] (i = 1, 2),
(5.4)
ni >Ath n1α

where the integration is in the region with ni (z) > Ath n1α . We set Ath =
2 >
−3
1.05 here. In Fig. 7, (a2 Γ>
1 , a Γ2 ) is given by (0.034, 0.029) for c1α = 10
−3
and by (0.091, 0.085) for c1α = 2 × 10 . We have γ = 0.497, 0.426, and
0.336 for c1α = 0, 10−3 , and 2 × 10−3 , respectively, in units of kB T /a2 . The
distribution of the counterions is wider than that of the ionic surfactant.
The normalized potential U (z) has a peak at z = zp near the interface and
slowly relaxes in the β phase on the scale of the screening length κ−1
β .
In Fig. 8, we examine the case of hydrophilic cations and hydrophobic
anions with g1 = −g2 = 8 for the two cases of wa = 0 and 8 by setting
c1α = 10−3 and χ = 3. The adsorbed densities deﬁned by Eq.(5.4) are
2 >
(a2 Γ>
1 , a Γ2 ) = (0.043, 0.040) for wa = 8. The surface tension is 0.497
and 0.402 for wa = 0 and 8, respectively, in units of kB T /a2 . In this case,
the electric double layer is enlarged and ∆U is a monotonically decreasing
function of z.
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In Fig. 9, we examine how the surface tension γ decreases to zero and
how the adsorption increases with increasing wa (left) and c1α (right) in our
1D calculations. In the left panel, the accumulation occurs rather abruptly
for wa ∼
>5, where g1 = −g2 = 8, χ = 3, and c1α = 10−3 . This behavior
is consistent with Eq.(2.21). In the right panel, where g1 = 4, g2 = 2,
>
χ = 3, and wa = 12, the adsorbed densities Γ>
1 and Γ2 increase linearly
as 87c1α a−2 and 64c1α a−2 , respectively, and the surface tension decreases
as γ = (0.497 − 177c1α )kB T /a2 at small c1α . We notice the following. (i)
−1
>
We ﬁnd Γ(∼
= Γ>
1 + Γ2 ) is proportional to nα = 2v0 c1α . In the literature,
the Langmuir adsorption isotherm Γ = Γmax Kn/(1 + Kn) is well-known,
where n is the surfactant density far from the interface with Γmax and K
being constants. It predicts Γ ∝ n for n ≪ K −1 . (ii) Our results are
roughly in accord with the Gibbs adsorption equation ∆γ = −kB T Γ at low
surfactant densities, where a rather small discrepancy arises from the third
electrostatic term in Eq.(4.25) in the present case.
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Fig. 1.7. Normalized cationic-surfactant density c1 (bold line) and counterion density
c2 (broken line) in the left panel, and normalized electric potential U in the right panel,
where (a) c1α = 10−3 and (b) 2 × 10−3 with g1 = 4 and g2 = 8. The excess surfactant
−2 in (a) and 0.091a−2 in (b).
density accumulated on the interface is Γ>
1 = 0.034a

1.6. Summary and remarks
We summarize our results.
(i) We have introduced the composition-dependent solvation chemical potentials in Eq.(2.3). The solvation chemical potential µsol in Eq.(2.6) is
bilinear with respect to ϕ and ci and is characterized by the parameters
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Fig. 1.8. Normalized cation density c1 (bold line) and anion density c2 (broken line) in
the left panel and normalized electric potential U in the right panel, where g1 = −g2 =
8, and c1α = 10−3 . Here (a) wa = 0 (no amphiphilic interaction) and (b) wa = 8
−2
(surfactant). The excess cation density accumulated on the interface is Γ>
1 = 0.005a
in (a) and 0.040a−2 in (b). The surface tension decreases with increasing wa as in the
right panel of Fig. 9.
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Here g1 = −g2 = 8, and c1α = 10
(left). and g1 = 4, g2 = 2, and wa = 12 (right).

gi dependent on the ion species i. For aqueous mixtures, gi > 0 for hydrophilic ions, while gi < 0 for hydrophobic ions. In the asymmetric case
g1 ̸= g2 , the Galvani potential diﬀerence arises at an interface.
(ii) The image chemical potential stems from the composition-dependence
of the dielectric constant ε(ϕ) in Eq.(2.5), as expressed in the integral form
(2.6). It can be important around an interface where ε changes abruptly.
For a pair of strongly hydrophilic cations and anions, the ions are signiﬁ-
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canty repelled from the interface when the screening length κ−1
α is longer
than the Bjerrum length ℓBα in the strongly segregated case.
(iii) When hydrophilic and hydrophobic ions coexist, there appears a tendency of microphase separation at an interface, as is evident in Fig. 5. The
surface tension decreases drastically for large |g1 | and |g2 | (even without
amphiphilic interaction), where the electrostatic contribution to the surface tension, the last term in Eq.(4.23) or Eq.(4.25), is important. Though
not yet well studied, a mesophase can appear in near-critical binary mixtures with addition of such salt.30
(iv) To describe ionic surfactants, we have presented the amphiphilic interaction Fam in Eq.(2.13) characterized by the parameter wa and the rod
length 2ℓ. As Fig. 7-9 demonstrate, Fam serves to induce adsorption of
ionnic surfactants onto an interface reducing the surface tension γ, which
becomes signiﬁcant for large wa . In our 1D calculations in Fig. 9, γ decreases to zero with incresaing the surfactant density or the parameter wa .
In real 3D systems,18 micells are formed from the interface beyond a critical
surfatant density before vanishing of γ. In addition, we are neglecting the
steric eﬀect due to the ﬁnite size of the surfactant molecules.
(v) In one-phase states of near-critical mixtures, a peak can appear at an
intermediate wave number in the structure factor of the composition ﬂuctuations for γp > 1, where γp (∝ g1 − g2 ) deﬁned by Eq.(3.5) is the parameter
representing the solvation asymmetry. Below the transition, a mesoscopic
phase can emerge, as observed recently.30 It can occur for strongly asymmetric salt (say, salt composed of hydrophilic cations and hydrophobic anions).3 It should be induced more easily for ionic surfactants, as Eq.(3.5)
indicates.
(vi) We have derived the attractive interactions among ions mediated by
the critical ﬂuctuations as in Eq.(3.11). We should then investigate how
they can produce large-scale structures near the criticality.34,35 It is also of
interest how charged colloidal particles interact in polar ﬂuids in the presence of strong solvation eﬀects.
(vii) To understand the experiment,36 we have examined the situation
where three ion species are present. As shown in Fig. 5, the ion distributions around an interface can be much more complex than in the case of
two ion species.
We mention future problems.
(1) There can be an electric double layer and a potential diﬀerence at an
interface in general charged systems, including polymers, surfactant systems, and gels. Results on the structure factor in Section 3 can be used

March 30, 2008

10:34

28

World Scientiﬁc Review Volume - 9in x 6in

Akira Onuki

for polymer solutions and blends. The solvation coupling between the ion
densities and the composition should generally be present in such systems.
From the viewpoint of the solvation eﬀects, as delineated in this chapter,
more experiments with addition of ions are informative in soft matters.
(2) We have assumed mild heterogeneity of the dielectric constant of a
mixture. However, it can be very strong in aqueous mixtures including
polymeric systems. For example, we may assume εA ∼ 100 and εB ∼ 1.
We have not yet understood electric ﬁeld eﬀects in such extreme (but common) situations.
(3) The steric eﬀect due to a ﬁnite volume fraction of ionic surfactants
becomes crucial with increasing its density, leading to saturation of the adsorption onto an interface, though it has been neglected in this chapter.
We will soon report on this eﬀect.
(4) Wetting should be greatly inﬂuenced by ions. Wetting on colloid surfaces can give rise to attraction among colloids.37 If the wetting layer is
more polar than the outer ﬂuid, ions can even be conﬁned within the layer.38
(5) Phase separation in ionic systems should also be investigated. Ions are
more strongly segregated than the ﬂuid components for large gi . We already examined the eﬀect of a very small amount of ions on nucleation.9
(6) Ion dynamics near an interface is also intriguing, when ionic surfactants
are present or when electric ﬁeld is applied.
(7) We examined solvation eﬀects of charged particles in liquid crystals.39
In nematic states the dielectric tensor anisotropically depends on the director orientation and ions distorts the orientation order over long distances
and sometimes create manometer scale defects.
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